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Foreword

The second half of the twentieth century saw a resurgence in the study of clas-
sical physics. Scientists began paying particular attention to the effects caused
by the nonlinearity in dynamical equations. This nonlinearity was found to
have two interesting manifestations of opposite nature: chaos, that is the ap-
parent randomness in the behaviour of perfectly deterministic systems, and
solitons, that is localized, stable moving objects that scattered elastically. Both
of these topics have now been developed into paradigms, with solid mathemat-
ical background and with a wide range of physical observations and concrete
applications.

This book is concerned with a particular method used in the study of soli-
tons. There are many ways of studying the integrable nonlinear evolution equa-
tions that have soliton solutions, each method having its own assumptions and
areas of applicability. For example, the inverse scattering transform (IST) can
be used to solve initial value problems, but it uses powerful analytical meth-
ods and therefore makes strong assumptions about the nonlinear equations. On
the other hand, one can find a travelling wave solution to almost all equations
by a simple substitution which reduces the equation to an ordinary differential
equation. Between these two extremes lies Hirota’s direct method. Although
the transformation was, at its heart, inspired by the IST, Hirota’s method does
not need the same mathematical assumption and, as a consequence, the method
is applicable to a wider class of equations than the IST. At the same time,
because it does not use such sophisticated techniques, it usually produces a
smaller class of solutions, the multi-soliton solutions. In many problems the
key to further developments is a detailed understanding of soliton scattering,
and in such cases Hirota’s bilinear method is the optimal tool.

Over the years, many textbooks have been written on various aspects of soli-
tons. Although some of them have briefly mentioned Hirota’s bilinear method,
there has not been any introductory English language book devoted to it. When

vii



viii Foreword

some of the western practitioners of Hirota’s method found out about prof.
Hirota’s book, they felt that it should be translated into English for use as
an introduction to the method. Early in 1997, Prof. J. Satsuma recruited his
students A. Nagai for this translation project. With help from his colleagues,
S. Tsujimoto and R. Willox, a first version was made; this was further im-
proved in a collaboration between A. Nagai, J. J. C. Nimmo and C. R. Gilson,
leading to the final version that is presented here.

In this book, Prof. Hirota explains his ‘direct’ or ‘bilinear’ method. There is
an interesting introduction, from which we can see the motivation and chain of
thought that led Prof. Hirota to invent his method. The rest of the book is de-
voted to a detailed discussion of various applications of the method. Little has
been changed in the translation from the original book; one or two arguments
have been expanded, some errors have been corrected and some notation was
changed to improve consistency. All such changes have been made with the
approval of Prof. Hirota.

Jarmo Hietarinta
Turku, Finland

Jon Nimmo
Glasgow, Scotland



Preface

A soliton is a particular type of solitary wave, which is not destroyed when it
collides with another wave of the same kind. Such behaviour is suggested by
numerical simulation, but is it really possible that the soliton completely re-
covers its original shape after a collision? In detailed analysis of the results of
such numerical simulations, some ripples can be observed after a collision, and
it therefore seems that the original shape is not completely recovered. There-
fore, in order to clarify whether or not solitons are destroyed through their
collisions, it is necessary to find exact solutions of soliton equations.

Generally, it is a very hard task to find exact solutions of nonlinear partial
differential equations, including soliton equations. Moreover, even if one man-
ages to find a method for solving one nonlinear equation, in general such a
method will not be applicable to other equations. Does there exist any success-
ful and universal tool enabling one to solve many types of nonlinear equations
which does not require a deep understanding of mathematics? For this purpose,
a direct method has been investigated.

In Chapter 1, we discuss in an intuitive way the conditions under which
a solitary wave is formed and we show that a nonlinear solitary wave can-
not be made by the superposition of linear waves. From this observation, we
obtain a method for finding solutions of a nonlinear wave equation by reduc-
tive perturbations and derive the fundamental idea for the direct method. We
first introduce new dependent variables F and G to express the solution of the
equation as the ratio G/F and then solve the (now bilinear) equations for F
and G. As part of this, a new binary operator, called the D-operator, is derived.
General formulae, through which nonlinear partial differential equations are
transformed into bilinear (or, in general, homogeneous) forms, are presented.
By virtue of special properties of the D-operator, solving these bilinear forms
by ordinary reductive perturbation methods leads to perturbation expansions
that may sometimes be truncated as finite sums. Such a truncation yields an

X



X Preface

exact solution for the equation. As an example, we find an exact solution for
one of the most famous soliton equations, the KdV equation, and prove that its
solitons are preserved after interaction.

In Chapter 2, we introduce the mathematical tools — in particular the theory
of determinants and pfaffians — to be used in Chapter 3. These techniques will
be explained thoroughly by means of several examples so that readers with
only elementary knowledge can understand them. Consequently, this chapter
covers one-quarter of the book.

In Chapter 3, we discuss the structure of soliton equations from the view-
point of the direct method presented in this book. Many kinds of soliton equa-
tions have been discovered up to now and it would require several pages to
write them all down. Now the question arises: what is the fundamental struc-
ture common to all soliton equations? The answer is provided in this chapter;
soliton equations (or bilinear forms) are nothing but ‘pfaffian identities’. From
this viewpoint, we show how fundamental soliton equations, such as the KP,
BKP, coupled KP, Toda lattice and Toda molecule equations, resolve them-
selves into pfaffian identities.

Pfaffians, which may be an unfamiliar word, are closely related to determi-
nants. They are usually defined by the property that the square of a pfaffian
is the determinant of an antisymmetric matrix. This property often gives rise
to the misunderstanding that a pfaffian is merely a special case of a determi-
nant. In fact, it is more natural to regard a pfaffian as a generalization of a
determinant. For example, Pliicker relations and Jacobi identities, which are
identities for determinants, also hold for pfaffians. As a matter of fact, they can
be extended and unified as pfaffian identities.

By means of the Maya diagrams designed by Professor Mikio Sato, a pfaf-
fian identity can be illustrated by the formula

OO0 |x
O x o0
O x @) ©)

|
OlO]IO]|0O

+ O |x o0

It is quite a surprise that soliton equations reduce to such simple diagrams!

In Chapter 4, we discuss Bicklund transformations, which have made
important contributions in the development of soliton theory. Bicklund trans-
formations in bilinear form generate (i) Lax pairs used in the inverse
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scattering method, (ii) new soliton equations, and (iii) Miura transformations.
A Bicklund transformation in bilinear forms corresponds to an ‘exchange for-
mula’ for the D-operator. First, we find a Backlund transformation for the KdV
equation by using such an exchange formula. Next, we illustrate some applica-
tions of this Bécklund transformation for the KdV equation. Finally, we clarify
the structure of Bécklund transformations for other soliton equations such as
the KP, BKP and Toda equations, and we also show that all these Bicklund
transformations reduce to pfaffian identities.

Since most of this book is devoted to an explanation of the fundamental
facts concerning the direct method, space does not permit us to mention its
applications in many other fields. It is particularly disappointing that we could
not touch upon the group-theoretical aspects of bilinear forms developed by
the Sato school (Professors Mikio Sato, Yasuko Sato, Masaki Kashiwara, Tet-
suji Miwa, Michio Jimbo and Etsuro Date). With regard to inverse scattering
methods, we have completely omitted them because many books have already
been written on this subject. The aim of this book is to inform the readers as
briefly as possible about the beauty and conciseness of the mathematical rules
underlying soliton equations.

The author is greatly indebted to members of Professor Mikio Sato’s school
in Kyoto University and those of Professor Junkichi Satsuma’s laboratory in
the University of Tokyo, for their own developments of direct methods. He also
thanks Dr Hideyuki Kidachi, whose notes on the author’s lectures (Department
of Physics, Faculty of Science, Kyoto University, 1-3 February 1979) were
very useful in writing Chapter 1. Last but not least, the author is grateful to
Mr Satoshi Tsujimoto and Mr Tatsuya Imai for their help drawing figures and
proofreading.






1

Bilinearization of soliton equations

One-soliton solution.

1.1 Solitary waves and solitons

The word ‘wave’ normally makes us think of a wave train as shown in
Figure 1.1. However, when surfing off a gently sloping beach, we often make
use of a solitary wave (see Figure 1.2). A soliton is a type of solitary wave
which maintains its identity after it collides with another wave of the same
kind. Let us first study wave equations which describe solitary waves.

A wave equation having soliton solutions has both nonlinearity and disper-
sion. Before studying how to solve such a wave equation, we will investigate



2 Bilinearization of soliton equations
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Figure 1.1. A wave train. Amplitude A, position x.

Figure 1.2. A solitary wave.

the influence that nonlinearity and dispersion have on the behaviour of a wave.
We will also try to understand, using intuitive arguments, under what condi-
tions a solitary wave can exist.

1.2 Nonlinearity and dispersion

1.2.1 Linear nondispersive waves

Typical examples of the simplest kind of waves are sound waves and electro-
magnetic waves. They are governed by

92 92
(ﬁ - v§ﬁ> Fx,t) =0, (1.1)

where vy is a constant representing the wave speed. Since this equation can be
formally decomposed as

d 9 d 9
(5 - UOE) (5 + UOa) fx, 1) =0,

let us consider the simpler form,

0 0
(5 +voa> £ =0, (1.2)



1.2 Nonlinearity and dispersion 3

A solution of this equation also satisfies (1.1). While (1.1) gives travelling wave
solutions moving to the left and to the right, (1.2) gives only the right-moving
ones,

fx,0) = f(x —vot).

Assuming that this wave is periodic, the most fundamental solution is the
plane wave,

f(x,t) = expli(wt — kx)].

The relationship between the angular frequency w and the wave number £ is
given by w = vok, where the constant vy is the phase velocity of the wave. This
is called the dispersion relation and, in this case, it is linear.

A wave governed by a linear dispersion relation is called a nondispersive
wave. A feature of such a wave is that an initial profile taking the form of a
pulse, which is made up of a superposition of plane waves with different wave
numbers &, does not change its shape. This is because each of the superposed
plane waves travels with the same speed. Waves with unchanging shape play
a very important role in applications as a means of communication. A soliton,
even though it is not a nondispersive wave, possesses the above property of
unchanging shape and, because of this, it should have practical applications.

Next, we will investigate a particular linear dispersive wave equation.

1.2.2 Linear dispersive waves

We consider, as the simplest example, the wave equation
(%—l—vo% —I—Saa—;) f, 1) =0. (1.3)
If we suppose that it has a plane wave solution
f(x,t) ocexpli(wt — kx)],
then the dispersion relation is given by
w = vok — 8k3,

which is nonlinear with respect to k. Hence, the phase velocity is different from
that in Section 1.2.1 and is given by

w
— = vy — 8k?,
[
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which depends on a wave number k. On the other hand, its group velocity is
given by

o _ vo — 38k

ok
We remark that, if § > 0, both velocities are less than vg. Since the velocity
of each of the plane waves which make up an initial wave vary with k, the
wave spreads out as it travels. This shows that linear dispersive waves do not
preserve their original shape.

The two examples we have discussed so far are both linear differential equa-

tions. Next we consider the influence of nonlinearity.

1.2.3 Nonlinear nondispersive waves

We consider, as the simplest example, the nondispersive wave equation,
3+(f)a fx,0)=0 (1.4)
—+u(f)— x,t) =0, .
at ox

where v(f) = vo + af ™. This equation is a nonlinear wave equation in which
the speed v(f) depends on the amplitude f.
Equation (1.4) has the formal solution

fl, )= fx—v(f)),

and if v = v(f) is an increasing function in f, this formula tells us that a
wave travels faster as its amplitude increases. Therefore, as one can see from
Figure 1.3, the wave steepens and then breaks. Physically speaking, however,
before the wave breaks, its gradient |0f/dx| > 1. When this happens, (1.4)
becomes meaningless and must be replaced by the differential equation (1.5)
presented in Section 1.2.4.

A t=0 t=1 t=2

X

Figure 1.3. Steepening of a solitary wave. A wave which is symmetrical at = 0
steepens and breaks because of the dependence of the wave speed on its amplitude.
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1.2.4 Nonlinear dispersive waves

The equation

3
<%+UO% rafn +aa%) fe ) =0 (15)
possesses a pulse-like wave solution which travels with unchanging shape; a
solitary wave solution. Before finding this solution by mathematical means,
let us look into the physical reasons for the existence of such a solution. We
have seen in Sections 1.2.2 and 1.2.3 that neither a linear dispersive solitary
wave nor a nonlinear nondispersive solitary wave can exist. Why then can a
solitary wave solution exist for a wave equation which has both nonlinearity
and dispersion?

Assuming that the solitary wave shown in Figure 1.4 exists, let us inves-
tigate whether this pulse-like wave can travel with unchanging shape. To this
end it is necessary, at least, that the velocities at the top and base of the wave
have the same value v. In order to investigate further, we introduce a new space
coordinate = px — Qt, where v = Q/p and p is a free parameter. The pa-
rameter p is such that, as it increases, the pulse becomes sharper. It is conve-
nient to introduce 7 to describe a wave which travels at a constant speed v. For
t =0, n is proportional to x (n = px), and, for t # 0, n = p(x — vt), being
proportional to x — vt, travels at a speed v.

If the maximum of the wave amplitude f is A, occurring at n = 0, then in
a neighbourhood of this point we have

f ~ A(l — constant x 772),

because here the height f can be approximated by a quadratic expression in 7.
From this equation, we have 3% f/9x3 ~ 0 and therefore, in the neighbourhood

f

top

base base

Figure 1.4. Splitting a solitary wave into its top and base.
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of the top of the wave, f satisfies the differential equation

0 0
(5 + [vo + af (x, t)m]a> f(x,t) ~0.

This equation is the same as (1.4) and so, as described in Section 1.2.3, the
speed at the top of the wave, at which the amplitude is A, is given by

v(f) = vy +aA”. (1.6)

From this it is clear that v(f) is larger than vy if @ > O.
On the other hand, at the base of the wave, we can neglect the nonlinear
term because f is very small, and so f satisfies the linear differential equation

9 4 +883 Flx, 1) ~0 (1.7)
— 4+ vg— — x,t) ~0. .
ar ' Cax ' “ax3 )

As seen in Section 1.2.2, the group and phase velocities at the base, vg, and
vpt, Tespectively, are given by
d
Vgr = 9@ _ vg — 38k2,
35) ) (1.8)
Upf = — = vg — 8k~
pf k 0

From this we see that both the group and phase velocities are smaller than v
if § > 0, and so the speed at the top of a solitary wave is larger than that at the
base. This indicates that the original shape of the wave is not preserved, and a
solitary wave cannot exist. This disagrees with the experimental observation.
What is wrong with the above argument?

In fact, our calculation of the velocity at the base of the wave is incorrect.
Since the amplitude at the base is small, the differential equation is certainly
linear. The error arose because we approximated the solution as a plane wave
and considered the wave velocity to be the linear (phase or group) velocity,
according to the common understanding of linear waves. The base of the wave
is not made up of a superposition of linear plane waves

f ~ expl[xilkx — wt)]
or
f ~ sin(kx — wt),
but, in fact, is expressed in terms of exponentially decaying waves
f ~exp[E(px — Q)] (1.9)

Since these expressions for f tend to infinity as x — 0o or x — —oo, and
so do not satisfy a physical boundary condition, solutions of this form are
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top
f ~ A(1 — constant x n?)

base base

f~el f~e

n=20 n

Figure 1.5. Approximation of a solitary wave at its top and base.

normally discarded as physically meaningless in the theory of linear waves. In
the theory of nonlinear waves, however, we can construct a global solution by
connecting local solutions, as illustrated in Figure 1.5.

The base of the wave is now expressed in terms of exponentially decaying
solutions f ~ exp(£n) and, from (1.7), we obtain the relationship, called the
nonlinear dispersion relation,

Q=uvop+8p°.
The wave velocity v is then given by

Q 2
v=— =1+ 06p-, (1.10)
p

which coincides with the velocity at the top (1.6) if and only if
sp> = aA™.

If p and A satisfy this equation, then the solitary wave can travel without
changing its shape. Recall that p is the parameter associated with the width
of the pulse; as p increases, the pulse becomes steeper and narrower. This
formula (if 8, o, m > 0) therefore indicates that as the amplitude of the pulse
increases, it becomes sharper.

The above discussion suggests an important idea for solving nonlinear
wave equations. When trying to obtain a solution by a perturbation method,
we cannot employ, as a first approximation, the normal plane wave solutions
f ~ sin(kx — wt) but should instead use the exponentially decaying solutions
f ~ exp[£(px — Qt)], which are rejected in linear wave theory. More pre-
cisely, we expand f into a power series in € exp(n) as

fx,t) ~aalexp(n)+82a2exp(2n)+--- , (1.11)

where n = px — Qt and ¢ is a small parameter.
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However, if 5 is sufficiently large, we have seen (see Figure 1.5) that

f(x,t) ~exp(—n). (1.12)

Expanding f into a power series of exp(n) and finding a solution asymptotic
to exp(—n) as n — +oo corresponds to finding a Padé approximation for f,

f=G/F. (1.13)

If this correspondence is correct, the fundamental idea of the direct method,
referred to in the title of this book, is to find solutions of nonlinear differential
equations through dependent variable transformations like f = G/F.

Remark
For a function f with formal power series

f(x) =ao+ajx +apx*+---, (1.14)

the method of Padé approximation [1] expresses f(x) as a ratio of polynomials
G and F. This gives an approximate analytic continuation for f (x) that can be
used to obtain information for large x.

For example, the power series

f(x):x—x3+x5—x7+~-~ (1.15)

converges to a finite value in a region |x| < 1 and therefore gives properties of
f(x) in this region. In the region |x| > 1, however, this is a divergent series
and so it does not make sense to use it, for example, to find the value at x = 2.
If we express f(x) as the rational function

X

fx) = m,

then f(x) ~x~! for [x|> 1. In particular, the substitution of x = exp(n)
yields

J(x) =exp(n) —exp(3n) +exp(5n) — -
__exp()
1 4+ exp(2n)
~exp(=n) m>1) (1.16)
and gives the correct behaviour of f(x), even though 7 is large. ]

Here we have used an intuitive argument to find general properties of the
solitary wave solution without any knowledge of the precise form of the non-
linear term. In Section 1.3 we will investigate to what extent this solution
coincides with the exact solution.
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1.3 Solutions of nonlinear differential equations

In Section 1.2 we discussed solutions of the nonlinear differential equation

3 3 9 a3
— tv— +o —+8 x', 1) =0, 1.17
(W v +af” el LR (1.17)
using an intuitive argument (we use variables x’, ¢’ for later convenience). Let
us here investigate the properties of such solutions by mathematical means.
First, we consider the independent variable transformation
x =x" —vt’,
(1.18)
r=1t,
describing a frame moving at velocity vg. Under this transformation, partial
derivatives become

0 d 0

— = —yy—,

or’ ot ox

5 (1.19)
ax’  ox’

In the moving frame, the second term in (1.17) is eliminated and so we obtain
3 3 33
(8t af™ —+8 )f(x t)=0. (1.20)

Next we make use of a similarity transformation. Under the scaling trans-

formation ¢t = &37, x = e&, where ¢ is a constant, (1.20) is equivalent to
0 2 m 0 83 3
— + — 45— , =0, 1.21
(Br eaf PP TS f(e§, e’1) ( )

and then the dependent variable transformation f(e&, 1)y ="M fl(E, 1)
yields

3 o 0
(a_ +a(f) _gHag )f(é 1) =0. (1.22)

This shows that if we replace f in (1.20) by
flE 0 =" f(eg, ), (1.23)

then f’ again satisfies the same differential equation. This is called a similarity
transformation.

If we have a travelling wave solution f = f(x — vt) then &2/ £ (x — 2vt)
will also be a solution. From this we see that if the amplitude of a solitary
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wave increases by a factor £2/” then its velocity v increases by a factor of
&2. This shows that, even in the case that an exact solution cannot be found,
we can still determine some properties of these solutions by their similarity
transformations. In fact, exact analytic solutions for few nonlinear differential
equations are known.

The relation between the speed and amplitude of solitary waves can also be
found directly from the partial differential equation without employing a sim-
ilarity transformation. Let us again consider the nonlinear partial differential
equation

9 + 9 +af™ 9 +5—83 flx,n)=0 (1.24)
— vo— o R X, = U. .
ar | Vox ax | 9x3

We consider a solitary wave solution f = f(x — vt) travelling at constant
speed v. Then we have

a 0
o _ _ (1.25)
ot ax
and (1.24) reduces to
d d 33
(—v+v)—+af"—+5— ] f(x —vt) =0. (1.26)
ox ax dx3

Integrating the above equation with respect to x and using the boundary con-
dition for solitary waves,

n

S f@ =) >0 (x> F00) n=012.... (1.27)
X
we have
ot f o+ 25 g (1.28)
—v Ui _ —_— = U. .
0 m+1 ox2

Multiplying by f, on both sides and integrating with respect to x again, we
obtain

2a

== em2 2
miDmiy’  T=0 (1.29)

(—v+vo) f2 +

At the top of the solitary wave we suppose that f = fnax, and we have

fi =0, (1.30)
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which gives

2a m+2
TN =0. 1.31
(m+ Dim +2)"™ (=D
Hence, we may deduce that the relationship between the velocity v and height

Smax 18

(—v+v0) flux +

2a m
(m+ D(m +2) 7™

On the other hand, an exact solitary wave solution for (1.24) is given by

v =g+ (1.32)

f = A(coshn)™, n = px — Qr + constant, (1.33)

where Q = vop + 8s2p3, v=Q/p = vo + 8s2p? and s =2/m. As a con-
sequence of (1.32), we have A" = (§/a)(1 + 5)(2 + s)p%. This relationship
between the wave height A and the parameter p should be compared with the
relation

= (§/a)p?, (1.34)

obtained by an intuitive argument in the previous section.

Remarks
(1) When one can find an exact solution, we might think that an intuitive dis-
cussion of the solution is unnecessary. However, exact solutions are known
for only a very limited class of equations. For example, an analytic solitary
wave solution for the nonlinear differential equation

5
<83[+ f8 +53 )f(x =0 (1.35)

has not yet been found. In cases where an exact solution is not known, we
can still obtain a rough impression of the solution by making use of an
intuitive argument.

(2) The word soliton was first used in the paper published by Zabusky and
Kruskal in 1965 [2]. They carried out a numerical experiment on the
Korteweg—de Vries (KdV) equation,

9 + 9 + 4 83 (x,t)=0 (1.36)
ov— — | v(x,t) =0, .
at 0x x>

which describes shallow water waves. In doing this they discovered that
solitary waves are not destroyed when they collide. They called the solitary
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wave solution a soliton, the suffix -on denoting a particle to indicate
particle-like interaction properties.

In order to prove rigorously that solitary wave solutions for the KdV
equation are not destroyed after their interaction, it is necessary to find
exact solutions describing this interaction. Gardner, Greene, Kruskal and
Miura discovered the inverse scattering method [3] to find soliton solutions
for the KdV equation in 1967.

(3) The direct method, which is the topic of this book, is a method for find-
ing soliton solutions directly, without employing the inverse scattering
method. ([l

The important point that this section demonstrates is that, even though both
nonlinearity and dispersion on their own destroy pulse-like waves, acting to-
gether they balance each other out and permit such waves to exist.

1.4 Linearization of nonlinear differential equations

Since the superposition principle holds in the case of linear differential equa-
tions, it is relatively easy to construct general solutions from particular solu-
tions. On the other hand, it is very difficult to find exact solutions of nonlinear
differential equations.

In the case of nonlinear differential equations, the superposition principle
does not hold and there may exist solutions which could not be obtained by
guesswork.

One way to solve a nonlinear differential equation is to find a transforma-
tion to a linear equation. We are, however, unable to categorize the nonlinear
differential equations that can be linearized; all we can do is to give some
examples.

1.4.1 The Riccati equation

The Riccati equation,
d
310 = a(0) +2bOu() +u®?, (1.37)

is one of the simplest nonlinear first-order ordinary differential equations. It
may be linearized by making the change of dependent variable

u=g/f. (1.38)
Differentiation with respect to ¢ gives

_ng_gft
u, = 2 oJt

, R (1.39)
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where subscripts denote derivatives. Substitution into (1.37) yields

g f —gfi =a®) f2+2b(t) fg + g°, (1.40)

which may be rearranged to give

lgr —a) f —b)glf —[fi +b()f +glg =0. (1.41)

Introducing an arbitrary function A(z), we can separate (1.41) into two coupled
linear differential equations,

Je+b(O) f +g =10/,
g —a)f —b)g = r)g.

This is a linearization of the Riccati equation.

The same situation, in which a nonlinear differential equation is rewritten
as (coupled) linear differential equations by means of a dependent variable
transformation to a rational function g/f, is also found for nonlinear partial
differential equations such as the Burgers equation.

(1.42)

1.4.2 The Burgers equation
The Burgers equation,
Uy = Uyxy + 2uty, (1.43)

can be integrated with respect to x by introducing a potential function w, where
u = w,. It then becomes

w; = wyey +w? 4o, (1.44)

where c is an arbitrary constant of integration. Through a dependent variable
transformation w = log f, this equation gives

fo fuf—fE f2
FTo g et

Since the second and the third terms on the right-hand side cancel each other,
multiplication through by f gives a linear equation,

fI:fxx""Cf- (145)

The dependent variable transformation used here,

u = (log fHr = f/f, (1.46)
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is called the Cole—Hopf transformation [4]. In summary, the Burgers equation
Uy = Uyy + 2uuy is transformed into the linear partial differential equation
ft = fxx + cf through the Cole—Hopf transformation u = (log ). = f/f.

Considering the inverse of this procedure, we can derive a nonlinear differ-
ential equation starting from a linear differential equation. For example, linear
partial differential equations,

af _ aﬂf
ar  xn

(n=2,3,4,...), (1.47)

are transformed into nonlinear partial differential equations through the inverse
of the Cole—Hopf transformation,

f =exp (/udx) (1.48)

We obtain the Burgers equation if n = 2, and if n = 3 we have the nonlinear
partial differential equation

U = Uy + 3uttgy + 3u> 4 3u’u,. (1.49)
An equation similar to the above,
Uy = ey + ottty + Buuy, (1.50)

is a soliton equation, called the modified Korteweg—de Vries (mKdV) equa-
tion. However, these two equations have solutions with completely different
structures.

Next we consider the differential-difference equation

d
Eun = +up)(upr1 — uy), (1.51)

in which a discrete variable n is employed instead of a continuous independent

variable x. The above equation may also be written as

B
5 log(1 + up) = (Unt+1 — un). (1.52)

Since the left-hand side is written as the ¢-derivative of a logarithm, we may
assume that u, on the right-hand side may be written in the same way. Through
the dependent variable transformation

up = (log fu)r, (1.53)
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we have, from (1.52),

d 0 f n+1

— log[1 + (lo =—1lo . 1.54

5, logll + (log fu):] = = log 7, (1.54)
Integrating with respect to ¢ and taking an exponential on both sides, the above
equation gives the linear equation

0
EfnZCfn+1 — fans (1.55)

where c is a constant of integration.

Remark
The differential-difference equation,
Upt = a1+ un)(”n—H — Up—1), (1.56)

is very similar to the differential-difference Burgers equation,
Une = (1+up)Wny1 — upn). (1.57)

The former is a soliton equation and has a solution structure different from that
of the differential-difference Burgers equation. 0

1.4.3 The Liouville equation

It is well known that the Liouville equation,

¢xy = €Xp &, (1.58)
can also be linearized [5]. First we make the dependent variable transformation
exp ¢ = —2(log f)xy- (1.59)

Since substituting this into the right-hand side of (1.58) gives
éxy = —2(10g f)xy, (1.60)

we obtain, by integrating the above equation with respect to x and y,

¢ = —2log f +log g1 (x) +log g2(y), (L.61)

where g1(x) and g>(y) are functions of x and y, respectively, corresponding to
constants of integration. We write these using logarithms for later simplicity.
Equation (1.61) is equivalent to

expp = g1(x)g2(»)/f2, (1.62)
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and, from (1.59),

expp = —2(foy f — Fef)/f> (1.63)

Comparing these two equations, we can choose f such that

fxy =0, fi=2gx)/2, fy = 2. (1.64)

The solution for these is

f=ul)+ vy, (1.65)

where u(x) and v(y) are arbitrary functions in x and y, respectively. Since
g1 and g» are arbitrary functions, relations fy = u, = g1(x)/2and f, = v, =
g2(y) always hold. Hence, an exact solution for the Liouville equation (1.58)
is given by

expg = OB 0)

= @ 1o (1.6

Remarks
(1) We have seen that the function f, in terms of which the exact solution is
expressed, is written as

f=ulx)+v(). (1.67)

If we replace f by
F=1+u)+vy) +aux)v(y), (1.68)
where « is an arbitrary constant, then exp ¢ = —2(log f).y still satisfies

the Liouville equation. This is because (1.68) may be rewritten as

14+ u(x)

+ v(y)> ,

and the first factor makes no contribution to (log f)y.
(2) The Liouville equation (1.58) may be transformed into the wave equation,

Oxx — Gy =exXpé, (1.69)

by an independent variable transformation.
(3) The following form of the Liouville equation,

¢ry = —2exp2¢, (1.70)
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is equivalent to

32

1 = —242, 1.71
oxdy 0gq1 q1 (L.71)

through the dependent variable transformation

¢ =logqi. (1.72)

Introducing another dependent variable,

ad
q2 = ——logqu, (1.73)
0x
(1.71) is equivalent to
9 2
dy

Then the Liouville equation (1.70) may be written as the system of nonlin-
ear partial differential equations

0

5611 = 41492,

9 (1.75)
—qp = —2q7.

8y‘12 q1

The two-wave interaction equations discussed in Section 1.4.4, which are
similar to the above system, can also be linearized. 0

1.4.4 Two-wave interaction equations

The system of differential equations

0 d
<% + C1£> = —P1¢2,
t 0x
(1.76)
(2 10292 g
5 25, | =162,

describes two-wave interactions. This is a model which describes the interac-
tion between prey, with population size ¢, travelling at speed c1, and predators,
with population size ¢, travelling at speed c; [6,7].

Through the independent variable transformations

E=x—c)/(c1 —c2),

(1.77)
n=—-—ct)/(c1 —c2),



18 Bilinearization of soliton equations

(1.76) is transformed into the system

a1

0E —192,
9 (1.78)
2
—— = $192,
an
and, by the dependent variable transformation
0
¢ =— n log f,
5 (1.79)
= —log f,
¢2=7 g o8 f
(1.78) becomes the linear differential equation
82
=0. 1.80
oEam f (1.80)
The general solution of this equation is given by
f=u@+vm), (1.81)

in the same way as for the Liouville equation.

Remark
The Liouville equation and the two-wave interaction equation have a similar
structure. In fact, a special case of the two-dimensional Toda molecule equa-
tion is equivalent to the Liouville equation, and, as shown in Chapter 4, the
two-wave interaction equation is a special case of the equations generated from
the Bécklund transformation of the Toda molecule equation. Hence, the two-
wave interaction equation is a soliton equation. U

Figure 1.6 illustrates how predators travelling at speed ¢> (> ¢1) catch up
with prey travelling at speed ¢, and consequently how their population size
increases. Since the size of the solitary waves changes after their interaction,
the situation is different from the soliton interactions described earlier. In fact,
this figure shows the type of interaction typical of the soliton solutions of the
Toda molecule equation.

Remark
In Figure 1.6, we have shown the solution obtained by taking

f = A — by tanh(p1n) + by tanh(p7§).
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o1, ¢2 > t=0 o1, $2 t=6
X X
é1, P2 =2 ¢1, 2 =8
X X
1. ¢ =4 b1, 2 t=10
X X
1. 42 =5 1. 42 =12
X X

Figure 1.6. Predators travelling at speed ¢» (> ¢1) catch up with prey travelling
at speed ¢ and their population size increases. Thin and thick lines are used for the
size of predators and prey populations, respectively. At t = 0, the leading predator
comes into contact with the first of the prey. At t = 4,5, 6, the predators eat the
prey and increase in number. At ¢ = 12, the two groups separate. Afterwards, the
size of each group is unchanged.

1.5 Essentials of the direct method

In Section 1.4, we showed that certain nonlinear differential equations can be
transformed into linear differential equations through a change of dependent
variable. Once a nonlinear differential equation has been linearized, it is rel-
atively easy to find an exact solution. However, only a very special class of
nonlinear differential equations can be linearized. We are eager to relax this
constraint and to find exact solutions for a slightly wider class of nonlinear
differential equations. In this section, we explain how to transform a nonlinear
differential equation into a type of a bilinear differential equation, often called
the Hirota form, and discuss how to find an exact solution by a perturbation
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method. This method, through which we find solutions directly, without em-
ploying the inverse scattering method, will be referred to as the direct method.
Outside of Japan it is called Hirota’s method.

Remark
A bilinear expression is an extension of a linear expression in x;, such
as ijl ajjxj, to a second-degree expression in x; and y;, such as
>_i j=1 @ijXiy;. This may also be considered as a linear expression in x; with
y; fixed and as a linear expression in y; with x; fixed. The differential equa-
tions treated below that we call bilinear do not always satisfy this property, and
so it might be better to call them quadratic forms rather than bilinear forms.
Nonetheless, we will always use the term bilinear. |

In order to get a feeling for what the direct method is, let us explain the
fundamental ideas in relation to the KdV equation,
U + 6un, + uyy =0. (1.82)

The reader is invited to skim through the following calculations without check-
ing the details at this point.

First of all, we look for a solution of (1.82) using the normal perturbation
method. We expand u as

u=8u1+82u2+83u3+-~-,

where ¢ is a small parameter, and substitute into (1.82). Collecting terms in the
resulting equation at each order of €, we have

a9
E —+ @ uy = 0’ (1833)
a9
E—l—@ Uy = —6uuyy, (1.83b)
a9
” + o3 | us = —6(uau 1 + uruoy), (1.83¢)

As we remarked in Section 1.2, it is necessary to choose a solution # of (1.83a)
that is not a plane wave solution, but rather an exponential solution. Hence, let
us choose

uy =ajexpn, n=Px—Qt Q=P (1.84)
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where a; and P are arbitrary parameters. Substituting u; into the equation at
next order (1.83b), we obtain the linear equation

a9 )
o + el Lo —6a; P exp2n (1.85)

for u;, for which we may take a solution
uy =azexpn, a;= —a%/P2. (1.86)

Substitution of u, into the next-order equation (1.83c) gives a linear equation
for u3. By this procedure, we can find u; for i = 1,2,3,... in succession.
Hence, the solution # may be written as

u=-¢eajexpn+ 82a2 exp2n + 83a3 exp3n+---, (1.87)

the right-hand side of which diverges as n — oo. One idea we might use to
avoid this divergence would be to express u as a ratio of polynomials G/F by
employing the Padé approximation. However, there is no clear guiding princi-
ple indicating which F and G are appropriate, and it requires a great deal of
effort to find them.

Instead, it seems easier to transform the dependent variable usingu = G/ F,
to derive differential equations for F and G and then to find F and G as solu-
tions to these differential equations. In fact, we see from the result in Section
1.3 that u is given by
u = — sech? n_ m. (1.88)

2 2 (I4expn)?
With (1.88) in mind, we will substitute u = G/F into (1.82) and find F and G
by a perturbation method. Substitutions of

G
u=—,
F
G F —GF;
S
_ G.F —GF,
Uy = T,
GX.XX 3G.X'.XF.X + 3G.XF.XX + GF)C.X'.X
Uxxx = F - F2
N 6Gxez +GFuF.  GF}

F3 F*
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into the KdV equation yield the surprisingly complicated equation
G:F —GF; N 69 G.F —GF;

F2 F F2
GXXXF - 3G)CXFX - 3GXFX)C - GFX)CX
+ 2
FG.F2+ FGF.F.—GF3
4ot T L =0. (1.89)

Snake’s legs!
Such calculations can be easily carried out by computer, using computer alge-
bra software. It is, however, important to understand how to manipulate formu-
lae and calculate efficiently by hand. Otherwise, one might miss some insight
into the structure of the equation. (I

We will next try to separate (or decouple) the above complicated equation
involving F and G into a simple set of equations. One possible method would
be to set the term with denominator F2 (or F*) equal to zero. The term with
denominator F? is given by

GiF —GF; + Gyxx F —3G3xFy —3GFyy — GFyyx = 0. (1.90)
However, the functions F, G given by
F = (1+expn)?,
5 (1.91)
G =2P“expy,

which correspond to the numerator and denominator of the solitary wave solu-
tion,

2P2%expn
U= ——-,
(1 4+ expn)? (1.92)
n = Px — Qt,

do not satisfy (1.90). Conversely, let us look for the equation which F and G
given in (1.91) do satisfy. Strangely enough, F and G satisfy (1.90) with the
fifth term, —3G Fyy, replaced by +3G Fy,. Therefore, we change the sign
of this term and transfer the remainder to the term with denominator F*. Then

! Translators’ note. The phrase ‘Snake’s legs’ is a literal translation of the Japanese word

el = | . . . .
e 2 n. redundancy; utter superfluousness; uselessness; coming from an ancient Chinese
proverb. Since there is no equivalent usage in mathematical texts in English, the translators
decided to keep the literal translation.
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we can reorganize the terms in (1.89) to obtain

GiF —GF; + G xF —3G Fy +3G Fyy — GFypx
F2
GF — (FFy, — F})
=0,
F4

+6(GyF —GFy)

and we choose to adopt, as decoupled equations,

G/F — GF; + Gy F — 3G Fx + 3G Fyy — GFyyy =0, (1.93a)
FFy —F2—GF=0. (1.93b)

This is a system of bilinear (or, perhaps, quadratic) differential equations
with respect to ' and G and is distinctive in the pattern of derivatives. For this
reason, we introduce a new binary differential operator, called the D-operator
[8, 9], acting on a pair of functions a(x), b(x), defined by

n
Di(a,b)= (% - %) awWbo)| _ = fyrax + )b = y)\yzo,
(1.94)
gm  gn
D}'Di(a,b) = &v—’"ﬁaa + s, x+y)b(t —s,x —y) L y:O’

’ (1.95)
wherem,n =0, 1,2, 3, ... .Since it is rather cumbersome to write this binary
operator as D/ (a, b), instead we use the abbreviated notation

D¥(a,b) = D%a - b. (1.96)
D-operators are also called Hirota derivatives.
Using this notation, we have
D,G-F =G,F —GF,
DG -F =G+F — GF,,
D3G - F = GxxF — 3G Fy + 3G Fey — GFyyy,
D2F - F = 2(F\,F — F?),
from which (1.93a) and (1.93b) may be concisely rewritten as
(D, + DHG - F =0, (1.97a)
D?F -F —2GF =0. (1.97b)

Alternatively, the KdV equation,
U +6uny + ey =0, (1.82 bis)
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can be transformed, through the dependent variable transformation,

u = 2(10g f)rx (1.98)
into

d

Egﬁﬂd¥nﬂﬁ+funf—4ﬂuﬁr+%ﬁVfﬁ=0, (1.99)

from which we obtain the bilinear equation

Fof = fefi + foox f = 4fexn fe +3f5 = cf 2, (1.100)

where ¢ is a constant of integration [10]. Equation (1.100), with ¢ = 0, may
also written concisely in terms of D-operators as

(DD, +DHf - f=0. (1.101)

Remarks
(1) The constant ¢ can be chosen to be zero when seeking a solitary wave (or
soliton) solution.
(2) The operators on the left-hand side of (1.101) may be factorized so that it
may also be written as

DD, +D)f-f=0. (1.101)

(3) Equations (1.97a), (1.97b) and (1.101) are called Hirota bilinear forms.
(4) We have employed two dependent variable transformations for u,

u=G/F, u=2(ogf)yx-

From this, we might assume that the relations

F=f% G=2fuf-1) (1.102)
hold. It is not clear, however, that F and G defined in this way solve (1.97a)
and (1.97b). [l

In the next section we will present, in detail, formulae involving the new
differential operator D. For now, we list only those formulae necessary to solve
the bilinear equation

Dy(D;+DHf-f=0 (1.103)
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by a perturbation method. We have

DyD;a-1=ay = DDl -a, (1.104a)

D¥a-1=ay =D -a, (1.104b)

D' Df expn -expn = (P — P)" (21 — Q)" exp(n1 +m2),  (1.104c)
where n; = Pix + Q;t + r)?.

As in the standard perturbation method, we expand f as a power series in a
small parameter ¢:

f=1+efi+e?fr+efs+---. (1.105)

Substituting this expansion into (1.103) and collecting terms of each order of
&, we obtain
e:Dx(Dy +D)(f1-1+1- f1) =0,
2 : DD+ D)(fr- 14 fi- fi+1-f2) =0,
& DD+ D)(fs- 1+ fo- fit fi- o+ 1- ) =0,

Using (1.104a)—(1.104b), the coefficient of ¢ is equivalent to

3 (a 93
e =0, 1.106
<81+8x3)f1 ( )

ax

a linear differential equation for f;. The solution corresponding to a solitary
wave (one-soliton) is given by

f1 =expn, (1.107)

where 11 = P1x + Qi + 1, and Q1 + P = 0.
The coefficient of €2 may be rearranged to give

a (o 93

—_— 3 .
2— (E + ﬁ) fo=—Dx(D: + DD f1 - fi. (1.108)

By using the property (1.104c) of D-operators, substitution of f; = expn;
gives zero on the right-hand side of (1.108). Therefore, we are able to choose
H=0.

This shows that the expansion of f may be truncated as the finite sum

f=1+¢fi1. (1.109)
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Since the perturbation parameter ¢ can be absorbed into the phase constant 17(1)
in the exponent 71, we can conclude that

f=1+expn (1.110)

gives an exact solution of the bilinear equation. Further, this is seen to give the
one-soliton solution, since

2P2ex P?
i SXP N —lsechz’;—l. (1.111)

= 2[log(1 = =
u = 2[log(1 + expni)lix Atexpn? ~ 2

Remarks
(1) The one-soliton solution for the KdV equation has two arbitrary parame-
ters, ’7(1) and Pj. The parameter ’7(1) determines the position of the soliton,
and P its amplitude.
(2) Since the new differential operators D' Dy have the property

DY'Df expn -expn =0, (1.112)

perturbation expansions may be truncated as finite sums and so exact so-
lutions are obtained. This is an important difference between bilinear and
normal differential equations. If the Hirota derivative were replaced by a
normal derivative, the right-hand side of (1.112) would not be zero. Then
it would not be possible to choose the second term of perturbation expan-
sion f, equal to zero; rather, it would be determined as a solution to a
higher-order linear differential equation. Substitution of f; into the third
approximation equation determines nonzero f3, and so on. From this, we
see that f would be given by an infinite power series.

(3) In order to find a two-soliton solution (a solution having four arbitrary
parameters), we use the linear superposition principle for the solution f7.
That is, we take the solution

fi =expni +expna, (1.113)

where n; = Pix + Q;t + n?, Q + Pl.3 =0 for i = 1, 2. Carrying out the
perturbation procedure, the second term f7 is not zero in this case, but the
third term f3 is. The exact solution is given by

f=14e(expn +expn) + e2anexpni + n). (1.114)

The solution u = 2(log f),, obtained from this f describes the interaction
of two solitons. [l
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Snake’s legs
The basic ideas of the direct method, as applied to the KdV, equation have
been presented for the benefit of those who wish to grasp the essentials imme-
diately. This is done because the author has often been unable to gather such
information from mathematics books without reading them thoroughly. U

1.6 The D-operator, a new differential operator

In this section, we explain in detail the features of the D-operator introduced
in Section 1.5. The D-operator is defined by

D"D%a(t, x) - b(t, x)
am a9

= 97 oyn a(t +5,x 4+ y)b(t —5,x = y)|s—0 y=0 »

m,n=20,1,2,3,.... (1.115)

For the sake of comparison, the Leibniz rule for differentiation of a product of
functions may be written in a similar way as

m n
3 aX,,a(t,X)b(t,X)
81’” an
= asm a(t 45, x + y)b(t + 5, X + ¥)|520 y=0 »
m,n=0,1,23,.... (1.116)
Remarks

(1) An operator O which acts on a pair of functions f and g is called a binary
operator, and it is written as

O0(f. 8.
Since the D-operator is binary, it is to be written formally as
D (a(t, x), b(t, x)).

However, we use it so frequently that it is cumbersome to write the paren-
theses (, ), and we have come to write it in the following abbreviated form:

Dia(t,x) - b(t, x).

(2) In the above definition of the D-operator, we have assumed that m and
n are positive integers 0, 1,2, ... . However, it remains an open prob-
lem to extend the definition to the case where m and n are not positive
integers. 0
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Since it is not easy to understand the nature of the D-operator from its
definition alone, let us illustrate it with some simple examples:

Dya-b=ayb—ab,,
D%a-b =ay b —2a.b, +ab,,, (1.117)
D3a - b = ayyih — 3ay by + 3aybey — abyy,.

For comparison, the corresponding normal derivatives of a product of functions
are

0ca-b=a,b+ab,,
32a - b = ayb + 2a.by + aby,, (1.118)
Bga b = Ayyxb + 3ay:by + 3aybyy + abyyy,

where we have used an abbreviated notation 9 = 9" /dx".

Remark
It is useful to remember that the formulae for D-operators in terms of deriva-
tives are almost the same as those for normal derivatives of products. The only
difference is that the signs of terms having an odd number of derivatives on the
second function are negative. (I

From the definition, we have
D"D"a-b = D"D"a-b=D""'D,D.a-b,

(1.119)
D"D"a -1 = 3"d"a.

Employing the binomial expansion

~1
(Dy+eDy)" :D;1+neDf—1Dx+% e2D" 2D 4. 4" D",

we obtain, because of the linearity of differential operators,

(D; +eDy)"a-b=D"'a-b+neD" 'Dya-b+---+&"D" - b.
(1.120)

From this, we can calculate a product of D-operators, for example 3DtD§a - b,
as the coefficient of €2 in (D, + Dy)3a - b.
We define the D-operator D, and the differential operator 9, by
DZ = Dl + SDJC )

1.121
0; = 0y + €0,. ( )
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Interchanging the functions a(¢, x) and b(¢, x), we have
DI!b-a=(=1)"D!a-b, (1.122)
from which we see that, if 7 is odd,
D!a-a=0. (1.123)

The obvious difference between D-operators and normal derivatives is that
the action of D-operators frequently gives zero as the result. If we regard z as
a new independent variable, it is only when the product of the functions a(z),
b(z) is constant that normal differentiation 9, of the product gives zero. This
fact implies that there are more types of solutions of Hirota equations than of
normal differential equations. Note that

D.a-b=0 < a = constant x b. (1.124)
The identity
D.,(D;a-b)-c+D,(D;b-¢c)-a+D,(D,c-a)-b=0 (1.125)

holds for any functions a, b and c¢. Writing D.a - b as [a, b], we see that (1.125)
can be written as the Jacobi identity

[la, b], cl +[[b, cl, al + [lc,al, b] =0, (1.126)

which indicates one connection between the D-operator and Lie algebras.

Remark
A deep connection between bilinear equations written in terms of D-operators
and Kac-Moody Lie algebras was discovered by the Kyoto group (Sato, Sato,
Date, Kashiwara, Jimbo and Miwa) [11-15]. O

We may also define D-operators by the exponential identity
exp(8D:)a(z) - b(z) = exp(8dy)a(z + )bz = y)|,_,
=a(z+8)b(z —§), (1.127)

where § is a parameter. If the functions a(z) and b(z) are continuously differen-
tiable to all orders in z, then Taylor series expansions of a(z + &) and b(z — §)
in § give
(14 8Dy + £6°D2 + L83D3 + - )a(x) - b(x)
= [a +8ay + $8%axy + - 1[b — 8by + $8%byxy — -+ 1. (1.128)
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From each coefficient of §” in (1.128), we obtain expansion formulae for
D’a - b such as those shown in (1.117).
Let us next investigate the formula

D'a-b=D""'D,a-b
=D"Ya, -b—a-b,), (1.129)
in which D” is expressed in terms of D”~!. The recursive definition given
by (1.129) is appropriate for use in computer algebra software to define the

operator D? for every n. For example, in the case of the computer algebra
language REDUCE [16],

Operator D
forall a,b,n,z such that fixp(n) and n>=0 | et
D(a,b,z,n) =if n>0 then
D(DF(a, z),b,z,n-1)-D(a, DF(b, z), z,n-1)
el se a*b;

defines the operator D'. Putting a = b in the case of n even, we have
D'a-a=D""'D.,a-a
= D?_l(az -a—a-a;)
=2D""a, -a. (1.130)
For an exponential function, the relation
D? exp(p12) - exp(p2z) = (p1 — p2)" expl(p1 + p2)z] (1.131)

holds. In the case of a normal derivative, we have

3 exp(p12) - exp(p2z) = (p1 + p2)" expl(p1 + p2)zl, (1.132)
from which we obtain
(p1— p2)"
Dl exp(p12) - exp(paz) = P25 exp(p12) - exp(paz).
(p1+ p2)
(1.133)
Generally speaking, if F' is a polynomial in D;, D,, ..., then
F(wi—w2, Pt —Pa,...)
F(D;, Dy, ...)expn; -expny =
F(or+ w2, P+ P2, ...)
X F(al" 8X7 . )exp(nl + 772)7
(1.134)

where n; = Pix + wijt +--- andi = 1,2, ... . This formula is employed in
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the expression for the two-soliton solution of the bilinear equation,
F(D¢,Dy,...)f - f=0. (1.135)
For two products ab and cd, we have
exp(6D;)ab - cd = [exp(§D;)a - cllexp(§D;)b - d] (1.136)
= [exp(6D;)a - d][lexp(6D,)b - c]. (1.137)
These are similar to the exchange formula discussed later. Although the proof
only involves using the definition and the commutativity of multiplication, es-

tablishing the formulae illustrates the full power available when manipulating
bilinear equations. Equation (1.136) is easily proved by the following steps:

exp(8D:)a(z)b(z) - c(z)d(2)
=a(z+6)b(z+8)c(z —8)d(z —5) (definition)
=a(z+6)c(z—8)b(z+6)d(z —8) (commutativity)
= [exp(6D;)a - c][exp(6D;)b - d] (definition).

From this identity it follows that:

D.ab -c =a;bc+aD,b - c, (1.138)
D.ab - b = a.b?, (1.139)
D%ab - ¢ = a,.bc +2a,D.b - c +aD?b - ¢, (1.140)
D2ab - b = a,,b* +aD?b - b, (1.141)
D%ab - cd = (D*a - ¢)bd +2(D.a - ¢)(D,b - d) + ac(D*b - d),  (1.142)
D3ac -be = (D2a - b)c? +3(D.a - b)(D*c - ¢), (1.143)
D exp(pz)a(z) - exp(pz)b(z) = exp(2pz) DI a(z) - b(z2). (1.144)

These formulae are obtained by equating terms of the same order in § on both
sides of the above exchange formula, for appropriate choices of a, b, ¢ and d.

Remarks
(1) The Schrodinger equation,

W+, — V¥ =0, (1.145)

is the most fundamental equation in quantum mechanics. Using the depen-
dent variables transformation

fr=vf,
V =-Dif f/f* = —2(0g f)xx,
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it is transformed using (1.139) and (1.141) into the bilinear equation
(iD; + D3 f'- f =0. (1.146)
(2) Equation (1.144) implies that a solution f of the bilinear equation
F(D(,Dy,..)f-f=0 (1.147)
is invariant under the transformation

f(x) — exp(ax) f(x), (1.148)

since

F (D¢, Dy, ...)exp(ax) f - exp(ax) f
=expax)F (D¢, Dy,...)f - f =0. (1.149)

The above fact, together with the fact that the solution for the bilinear
equation is invariant under the other transformations

F&) = exp() f(x), f(x) = exp(bde) f(x) = f(x+b) (1.150)

indicates the existence of a Lie group acting on the bilinear equation, with
corresponding Lie algebra spanned by ax, b9, and c. (]

Snake’s legs
The indefiniteness of the solution that comes as a consequence of this invari-
ance had been considered as a defect of a bilinear equation until its connection
with a Lie algebra was discovered. ]

Next we consider exchange formulae, which are most useful when deriving
Bicklund transformations.> The simplest case is

exp(aD;)[exp(BD;)a - b] - [exp(y D;)c - d]

:exp|: ][exp[<a+m> Dzi|a.di|
. |:exp [(—a + ’3%) Dzi| o b} . (L151)

2 A Biicklund transformation is a transformation between solutions of a pair of differential
equations. As will be seen in Chapter 4, a Bicklund transformation corresponds simply to an
‘exchange’ in the sense used here. Viewed in this way, Bécklund transformations seem too
simple to have any significance.



1.6 The D-operator 33

We note that, while a and ¢ do not change position, the positions of b and d
are exchanged.
The exchange formula (1.151) is proved using the definition and commuta-
tivity of multiplication. We have
exp(aD:)[exp(BD:)a - b] - [exp(y D:)c - d]
=exp(aD:)a(z+ )bz — B) -cz+y)d(z—y)
=a(z+a+Pb+a—p)clz —a+y)diz—a—y)

(definition)
=a(z+a+pdiz—a—y)(z—a+y)bz+a—p)
(commutativity),

and, on the other hand,
exp(c1D:)[exp(c2Dz)a - d] - [exp(c3D:)c - b]
=a(z+c1+c)d(z+c1 —c2)c(z —c1+¢3)
X b(z —c; —¢3) (definition). (1.152)
Necessary conditions for the exchange formula to hold are
citea=a+p,
cr—=—a—y,
—C1t+a=—a+ty,
—cr—ca=a—p
and so ¢y, ¢2 and ¢3 are given by
ca=B-v)/2
o=a+(B+7)/2,
aa=—-a+(B+vy)/2

from which the exchange formula follows.
The exchange formula (1.151) may be extended, by using the linearity of
differential operators, to give

exp(D1)[exp(D3)a - b] - [exp(D3)c - d]

D, —D D D
— exp <%) [exp (01 N %)a .d]
D D
.[exp<_01+%)c.b}



34 Bilinearization of soliton equations

where the D; (i =1, 2, 3) are linear combinations of D;, Dy, Dy,
D; =a;D; + BiDy + yi Dy. (1.153)
The following identities for the D-operator also hold:
(i) For arbitrary functions a, b, ¢ and d,

[sinh(8D;)a - b]llexp(§D;)c - d]
+ [sinh(6D;)b - c]lexp(6D;)a - d]
+ [sinh(6D;)c - allexp(6D;)b - d] = 0.

The coefficient of § in the expansion of this formula with respect to § gives
the identity

(D;a -b)c+ (D;b-c)a+ (D;c-a)b=0. (1.154)
(i1) For arbitrary functions a, b, ¢ and d,

sinh(8D,)[sinh(8D,)a - b] - [cosh(8D;)c - d]
+ sinh(8D;)[sinh(6D;)b - c] - [cosh(6D;)a - d]
+ sinh(6D;)[sinh(6D;)c - a] - [cosh(§D,)b - d] = 0.

The coefficient of 82 in the expansion of this formula with respect to &
gives the Jacobi identity mentioned earlier:

D.(D.a-b)-c+D;(D;b-c)-a+ D.(D.c-a)-b=0. (1.155)

Next we consider an extension [17] of the D-operator. The D-operator is
based on the derivative of the transformation # = a/b,

9 (“) _ Dua-b (1.156)

ax \b b?
We can use this formula to prove the property D,a - b = 0 if a = b. Gener-
alizing the transformation u = a/b allows one to extend the D-operator in a

natural way. We consider the transformation

= 61’9—,1 (1.157)

where m, n are not necessarily integers.

Remark
When using the direct method to find an exact solution, the basic assumption
is that the solution u can be transformed as u = g/f (or u = log(f/g), etc.)
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and that f and g can be written as finite series. If u is written in the above
form, then g(= a™) and f (= b") are not necessarily finite series, even if a, b
are themselves finite series. Il

The derivative of u with respect to x can be written as

9 (@) @ maxb — naby (1.158)
ax \ b" b" ab
We introduce a new operator D,, , , given by
j 9 Y /
Dpypxa(x) -b(x) = \m— —n—— | a(x)b(x’)
o ox ax’ )
X=X
9/
= —a(x + ms)b(x — ns) (1.159)
ds/ s=0
Employing this notation, we have
o [a™ a™ Dy a,xa-b
— =)= ——— 1.160
ox (b” ) b" ab ( )

The following soliton equations are known examples which are transformed
into bilinear forms by means of this operator.
The Ginzburg—Landau equation

W, 4 pW,, +q|V PV =iy (1.161)
is transformed by writing
W(x, 1) = explitkx — Q)G (x, 1)/F" (x, 1), (1.162)

where k, Q and F are real and n is a complex parameter satisfying n + n* = 2.
Substituting this gives the bilinear form:

(Q — pk* — A +iDy + 2ikpDy« + pD; )G - F = HG,

1.163
[(1/2)p(n +n*)D? +iy — A]F - F — q|G|* = HF. ( )

In the above, A is an arbitrary constant and H is an arbitrary func-
tion introduced in order to decouple the equation. The D-operators
D1.n.t, D1,n.x, D1.1.x, using the above notation, are written as D, ;, D, », Dy.
Nozaki and Bekki [18] used the bilinear form of the Ginzburg—Landau equa-
tion to derive a solitary wave solution, a hole solution, a shock wave solution
and an exact solution describing a collision of two shock waves.
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The modified Kaup—Kuperschmidt equation
v — S(vyv3y + U%x + vf, + 4vv,Uyy + v2U3x — v4vx) +uvse =0 (1.164)
is transformed, by writing

v = —3[log(f/ ™). (1.165)
into the bilinear form

(D24 D3 ) f -h=0,

: (1.166)
D3.f-h=0,

where we have used an abbreviated notation D; , in place of Dj 3 .. Elimi-
nation of f from the above bilinear equations gives the Sawada—Kotera equa-
tion [19],

Dy(D; +D)h-h =0, (1.167)

and elimination of 4 gives the Kaup—Kuperschmidt equation,
Dx(Di+gD)f - f + {gDIf -8 =0,
Diff=fs.
Hence, the modified Kaup—Kuperschmidt equation is a Bicklund transfor-
mation which connects the solutions of the Sawada—Kotera equation and the
Kaup—Kuperschmidt equation. There exist N-soliton solutions for each of the

above equations.
The nonlinear partial differential equation

(1.168)

E[ - P,
Py =—E(P —N), (1.169)
Ny =2EP,

is transformed, using

¢ =log(f/h%), p=Ilog(fh*),

1.170
E=g¢,. P=¢n. N=-pu+3 (1170
into bilinear form [20-22],
Dy (Dy Dy, —6)f-f =0,
2.x(D2xD2y —6)f - f (L171)

D%)Xf~h=0,

which also possess an N -soliton solution.
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Remark
Although it does not have a direct connection with soliton equations, if we
introduce a new operator D ffy similar to the D-operator, we can obtain a unified
expression for the Poisson bracket in analytical mechanics and the Hessian in
differential geometry. Similar to the definition of DY, we define D, by

52 22 \"
D' f.g=|—— — , Ty 1.172
oS8 oxoy  axdy Fx, g, y) o ( )
x'=x,y'=y
This operator gives the Poisson bracket for n = 1:
_0fog df ag
[fvg]p,q = 39q op p 3q
=Dypf -8 (1.173)
Forn =2,
D,%yf 8= fxxgyy - 2fxygxy + fyng)m
which can be used to express the Hessian:
. fxx fxy 1 2
Hessian = =D f-f. (1.174)
fyx fyy 2 Y
d

1.7 Bilinearization of nonlinear differential equations

In this section we describe procedures for transforming nonlinear partial dif-
ferential equations,

L(uvul’l'tx’ufl’ux.\””')=09 (1175)

into bilinear forms (or, in general, homogeneous expressions) [20-22]. There
are many types of dependent variable transformations, but the most typical
examples are rational, logarithmic and bi-logarithmic transformations.

1.7.1 Rational transformation

The transformation of the solution u of a nonlinear partial differential equation
as

u=alb

is called a rational transformation. It is the most fundamental transformation.
If we employ this transformation for a differential equation whose nonlinear
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terms are expressed as polynomials in u, uy, ..., we obtain a homogeneous
expression with respect to @, b which is, in general, of more than fourth de-
gree. If an appropriate way of decoupling this expression is found, it reduces to
a set of quadratic forms. However, in many cases where the expression cannot
be decoupled into quadratic forms, we can resort to brute force (or computer
algebra) and find an exact solution, using the perturbation method, to the ho-
mogeneous expression as it stands. Often we can then deduce a quadratic form
from this result.

A fundamental formula that can be used to obtain this homogeneous ex-
pression through a rational transformation is

8D)a -
exp (52 ) & = Sxp©@D)a b (1.176)
9z) b cosh(8D,)b-b

This formula is almost obvious and can be proved directly from the definition.
We have

LHS =a(z +6)/b(z +§),
numerator of RHS = a(z + §)b(z — §),
denominator of RHS = %[b(z 4+ 8)b(z — 8) + b(z — §)b(z + )]
=b(z +8)b(z —§),

from which it follows that LHS = RHS. Expanding both sides of (1.176) with
respect to the parameter §, we have

4l B0 N0 e
9z ' 2922 6923 b
(148D + 38°D? + £8°D3 + - -Ja - b

T [ +182D24+ Ls*Di 4+ 1b-b

a+8Dza-b+82Dza-b+
b b2 2 b2

—1

1+5203b.b+341)3b-b

X — —_— .
2 2 24 b2

Expanding the denominator using (1 4+ X)"'=1— X 4+ X?— ..., and col-
lecting terms in powers of §, we obtain formulae which express derivatives of
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u = a/b in terms of the D-operator:

d a D.a-b

azb b2

3 a D?a-b aD?b-b

9226~ B2 b b2 (1.177)
9 a Dla-b 3Dza-bD22b-b

3z3 b b2 b2 p2

Many equations are transformed into bilinear form through rational trans-
formations. Typical examples are given below.

The KdV equation Earlier, we were able to bilinearize the KdV equation,
U + O6uny + tyyy =0, (1.82 bis)

by using trial and error. However, if we employ a rational transformation, its
bilinear form is obtained almost automatically. By putting ¥ = G /F and mak-
ing use of (1.177), the KdV equation may be rewritten as

D,G.F+6EDXG-F+D;G-F_3DXG-FD_§F-F:

F? F F? F? F? F? 0

Multiplying by F* on both sides and reorganizing terms, we have
[(D, + D3)G - FIF? 4+ 3[D,G - FI[2GF — D>F - F]1 = 0.

Therefore, if we introduce an arbitrary function A, the above equation may be
decoupled into the bilinear form

(D, + DG - F =3.D,G - F,

) ) (1.178)

D{F -F —2GF = \F~.

The operator D; + Di corresponds to the linear terms in the KdV equation,
0 + 3D)u.

We note an indefiniteness in the bilinear equations associated with the trans-

formation u = G /F. If we introduce an arbitrary function / and transform F

and G to F = hF’ and G = hG’, u remains invariant. On the other hand, by
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virtue of properties of the D-operator, we have
D;hG' - hF' = h*D,G’ - F',
2 212 2 2
DXhF/ -hF' ' =h DXF/ CF + (D:ih -h)F'",
3 213 2
thG’ -hF' =h DXF’ - F'+ 3(Dsh - h) (DG - F").
Therefore, under the transformation F = hF’, G = hG’, the bilinear form is
invariant,
(D, + DHG' - F' =3)D,G" - F',
2 ’ ! 1 12 (1.179)
D2F'.F' —2G'F' =\F”,

where the arbitrary function A, which is introduced for the purpose of decou-
pling, is transformed to

A =r+ (D2h-h)/ K% (1.180)
Dividing the second of the bilinear equations by F2, we have
A= (D?F -F)/F? = 2u
=2[(log F)xx — ul. (1.181)

The function A depends on F and u. In the case of solitary wave solutions, we
can choose A = 0. However, A plays an important role when we discuss peri-
odic solutions, that is, those having the property u(x, t) = u(x — L, t), where
L is the period.

The modified KdV equation The equation we obtain by replacing the non-
linear term uu, in the KdV equation with wluy,

w; + 6w wy + wyyy = 0, (1.182)

is a special case of the modified KdV equation (1.50) (@ = 0, 8 = 6). Using
the transformation w = G /F, we have
[(D; + DG - FIF?* 4+ 3[D,G - F][2G* — D?F - F]1 = 0.
Introducing an arbitrary function A, we obtain the bilinear form
(D; + D)G - F =30D,G - F,
(1.183)
D2F - F —2G? = \F?.

In this case as well, the operator D; + D; corresponds to the linear part of the
modified KdV equation, 9; + 8;.
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The nonlinear Schrodinger equation This is the equation
W, + Wy + 20|20 =0, ¢==+l1. (1.184)
Through the dependent variable transformation
v =G/F,
where F is a real function, we obtain
[(iD; + D?)G - FIF? — GF[D2F - F — 2¢|G|*] = 0.
Therefore, its bilinear form is given by

(iD; + D*)G - F = AGF,

(1.185)
D2F - F —2¢|G|* = AF2.
From the second of these equations,
\W[* = [(DFF - F)/F? = 21/(0), (1.186)

and so the choice of A is determined by the value of |[W|? at |x| = oo, the
function F and the sign of c. These are envelope soliton solutions; in the case
A =0 (and ¢ > 0), ¥ is called a bright soliton, and in the case A = 1 (¢ < 0)
it is called a dark soliton.

1.7.2 Logarithmic transformation

The transformation of a dependent variable u by using the logarithm of a func-
tion f,

u = 2(1og f)rx, (1.187)

is called the logarithmic transformation. A fundamental formula related to this
transformation is

2 cosh <683> log f(z) = log[cosh(6D;) f(z) - f(2)]. (1.188)
z

Its proof, using just the definition, is similar to earlier ones:

LHS =log f(z+68) +log f(z — &)
=log[f(z +8) f(z -],
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which is equal to the right-hand side. Expanding the above formula with re-
spect to § and collecting terms in powers of §, we have

9 Dif-f
Zﬁlogfz f2 ) (11893)
92 _DDif- f
o* pirof (Df-r\
2ﬁlogf: 7 —3( 7 , (1.189¢)
9 DSf-f Dif-fDif-f Dif - f ’
w8 =T T e T P e |
(1.189d)

A typical example of the equations that may be bilinearized through this trans-
formation is the ubiquitous KdV equation,

U + 6un, + ey =0. (1.82 bis)
By introducing a potential w defined by
U= wy, (1.190)
the KdV equation may be integrated to give
wr 4 3w? 4wy =, (1.191)

where ¢ is a constant of integration. Next, we make the dependent variable
transformation

w = 2(log f)x, (1.192a)
which is equivalent to the logarithmic transformation of u,
u =2(og f)xx. (1.192b)

From above, the KdV equation gives

p.off (D2 r\ Dirf D2\
f2 +3 f2 + f2 -3 f2 =c

(1.193)
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The term coming from w% has a denominator that is quartic in f. This cancels
with the final term, and the bilinear form [10],

D.(D; + DY f - f =cf?, (1.194)

is obtained automatically. In the above expression, the operator D, + D3 cor-
responds to the linear part of the KdV equation, 3, + ;.

1.7.3 Bi-logarithmic transformation

The dependent variable transformation expressed in terms of the logarithm of
a/b,

¢ = log(a/b), (1.195)

is called the bi-logarithmic transformation. This transformation frequently
appears in conjunction with another dependent variable p, which is written
as

p = log(ab). (1.196)

Fundamental formulae used with this transformation are

2sinh (5 %) log(a/b) = loglexp(8D,)a - b] — loglexp(—8D,)a - b),
(1.197a)

2 cosh (5 %) log(a/b) = log[cosh(8D,)a - a] — log[cosh(8D,)b - b],
(1.197b)

2 cosh (3 %) log(ab) = loglexp(8D,)a - b] + log[exp(—8D, )a - b].
(1.197¢)

They are proved as follows. For the first formula,

LHS = log[a(x + §)/b(x 4 §)] — logla(x — 8)/b(x — )]
= logla(x + §)b(x — §)] — logla(x — §)b(x + §)]
= RHS;
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for the second,

LHS = log[a(x + 8)/b(x + 8)] + logla(x — 8)/b(x — 3)]
= logla(x + 8)a(x — &)] — log[b(x + 8)b(x — )]
= RHS;

and for the third,

LHS = logla(x + 8)b(x + 8)] + log[a(x — 8)b(x — 5)]
= logla(x + 8)b(x — 8)] + logla(x — §)b(x + §)]
= RHS.

Expanding these formulae with respect to §, we obtain

d D.a-b
2 Yog(a/b) = : (1.198a)
ox ab
92 D?a-a D?b-b
—1 b) = =2 B , 1.198b
912 og(a/b) %) b2 ( )
92 log(ab) D%a -b D.a-b 2 (1.198¢)
—lo = - , .198c¢
ax2 gla ab ab
9° tog(a/b) D3a-b 3D§a-bea-b+2 D.a-b\® (1.198)
—— log(a/b) = — , .
axd 8 ab ab ab ab

Typical examples of nonlinear partial differential equations bilinearized
through bi-logarithmic transformations are the modified KdV equation [23]
and the sine—-Gordon equation [24].

The modified KdV equation This is
v + 6020, + vy = 0, (1.182 bis)
and one sets v = i, to give
b — 203 + hrxr = 0. (1.199)
Under the bi-logarithmic transformation,

¢ = log(a/b), (1.200)
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we have, using (1.198a)—(1.198d),
Da-b (Db 3+D§a-b_3 D%a-b\ (Dya-b
ab ab ab ab ab

D.a-b\>
+2 =0. (1.201)
ab

In the above case, the nonlinear term dﬁ is again cancelled automatically, and
the bilinear form is written as

(D; +D¥a -b=31Da-b,

) (1.202)
Dia-b = hab.

The decoupling parameter A can be chosen to be zero when seeking solitary
wave solutions.

The sine-Gordon equation We employ the bi-logarithmic transformation

¢ =2ilog(f/f™), (1.203)

for the sine—Gordon equation,

Gxx — G = sing, (1.204)

where f* is the complex conjugate of f. Since, from (1.203), we have
exp(ip) = (f*/f)?, the right-hand side of (1.204) may be rewritten as

1 *2 2
sin¢g = % (];2 — ]{*2> . (1.205)

Substituting the expressions for derivatives,

2 2 rx *
¢xx=i(DXf.f—DXf f )7

f2 f*2

) e (1.206)
oy —i(DIf S _DIfTf
tt = f2 f*2 s

into (1.204) gives

(D2~ D2 f - f—(f** = fH/QDIf? —[i(D2 — DY f* - f*
—(f2 = H/efr=o.



46 Bilinearization of soliton equations

Hence, the bilinear form is
(DY =D f - f = (f* = [*)/2=if> (1.207)

together with its complex conjugate.
Under coordinate transformations,

0 0 0
ax ot ox’
s . 5 p (1.208)
—_— —_— % _’
ax Ot ay
the sine—~Gordon equation,
¢xx - ¢tt = Sin(ﬁ,
is transformed into
$ry = sing. (1.209)

The above equation is rewritten, through the bi-logarithmic transformation,

¢ = 2ilog(f/f™), (1.210)

as
D.Dyf - f — (f* = /2 = af2, (1211)

where A is real and is chosen to be zero when seeking solitary wave solu-
tions.

1.8 Solutions of bilinear equations

We have shown that the KdV equation,

Uy + 6uny + ey =0, (1.82 bis)
is transformed by
u=2(log f)xx (1.187 bis)
into the bilinear equation,
D (D; + Dﬁ)f - f =cf> (1.194 bis)

In this section, we describe the perturbation method used to find its exact solu-
tion. Since we will find solitary wave solutions, we set ¢ = 0.
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The perturbation method consists of expanding f with respect to a small
parameter ¢ to obtain

f=l4+efitelfrtedfi+--, (1.212)

and then finding each coefficient f, successively for n = 1,2, ... . Gener-
ally, when using this method, the expansion continues to infinite order in ¢,
and we truncate the expansion at an appropriate finite order. Therefore, the
solution we obtain is no more than an approximation. However, when per-
forming the perturbation method for bilinear equations, an appropriate choice
of f1 (f1 satisfies a linear differential equation) makes the infinite expansion
truncate with a finite number of terms, and as a result the solution is an exact
one.

Substituting the expansion formula of f into the bilinear equation and ar-
ranging it at each order of ¢, we have

e: DD +D)(fi-1+1-f1) =0,

e : DD+ D) (fr- 1+ fi- fit+1- f2) =0,

& DD+ D)(f3s- 1+ fa- it fi-fat1-f3)=0,

e DD ADHYfa- 1+ fs-fitfr- ot fi-fs+1-f1)=0,

The order-¢ equation may be rewritten as a linear differential equation for fi:

a(d 93
— =+ = =0. 1.213
dx (ar + 8x3> fi (1.213)

We showed at the beginning of Section 1.5 that the solution describing a soli-
tary wave (one-soliton) is given by

f1=expni, (1.107 bis)

where n; = Pix + Qi + n? and 21 + P3=0. We begin here by finding a
two-soliton solution, that is a solution describing the interaction of two soli-
tons.

To this end, we choose the solution to the linear differential equation (1.213)
to be

f1 =expni +expna, (1.214)

where ; = P;x + ;¢ + constant and £2; + Pl.3 = 0fori = 1, 2. The relation-
ship @; + Pi3 =0 is called the nonlinear dispersion relation. The order-¢>
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equation is

3 (9 3
2— | — + — =—-D,(D, +D)f - fi. 1.215
o (8t+3x3)f2 «(Di + DY) fi- fi ( )

Substituting f| = expn; + exp n; into the right-hand side, we have, from the
property of the D-operator (1.104c),
Dy(D;+ D) fi- fi
= D (D, + D3)(expn1 + expn) - exp i1 + expra)
=2D.(D; + D) expn1 - expn
=2(P1 — P))[Q1 — Qa2 + (P1 — P2)*1exp(n1 + m).

We may choose the solution of this to be

f2 = anexp(n + ), (1.216)
where, using (1.104c¢), the coefficient ay; is given by

_2(P1 = P)[Q1 = 2 + (P — P2)’]
2(P1 + P)[Q21 + Q2+ (P1 + P2)3]

_(PI—Py)?

~(Pr+ Py)?

a2 =
(1.217)

Substituting the expressions for f; and f> given above into the linear dif-
ferential equation for f3,

DD +D)(f3- 1+ fr- i+ fi-fat+1-f3)=0, (1.218)
we obtain
Dy(Di+ D) (fo- fi+ fi- )

= 2D, (D; + D3)exp(n + m2) - (expn1 + expn2)
= 2Py (Q + PJ)exp2n1 + m) + 2P1(Q1 + PY) exp(n + 2n2),

in which the inhomogeneous term is zero by virtue of the nonlinear disper-
sion relation £2; + Pl.3 =0 fori = 1, 2. Hence, we may choose f3 = 0. Con-
sequently, at order ¢* we have the linear equation

Dy(Di + D) (fs- 14 fo- fa+1-f2) =0. (1.219)
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In this case as well, the inhomogeneous term vanishes because
Dy(Di+D)fr- fr=0 (1.220)

and we may also choose f1 = 0. Substituting the above results into the pertur-
bation expansion of f, we have

f=1+e(expn +expn) + &2anexp(n + n). (1.221a)

In the above equation, ¢ is the small parameter giving the perturbation expan-
sion. Since each n; is given by

ni = Pix + Q;t 4+ constant, (1.221Db)
& can be absorbed into the constant. Hence,
f =1+expn +expny +anexp(n + n2) (1.222)

gives the two-soliton solution for the KdV equation in its bilinear form. There-
fore, the two-soliton solution u for the KdV equation is expressed, in terms of

f,as
u=2(log f)xx- (1.223)

This result indicates that two solitons are not destroyed after their interaction.
Figure 1.7 shows a plot of their interaction; it was calculated numerically using
an appropriate difference scheme.

Remark
In the expression for f, ajp is an important quantity which determines the
phase shift, that is the change of position, caused by the interaction of two
solitons. Mathematically, the structure of ajp is one of the ingredients that
determines the type of group acting on the bilinear equation. We have

_(P1=P)[Q1 — 2+ (P1 = P’
(P1+ P)[Q1 + 2+ (P + P23

whose structure clearly reflects the structure of the KdV equation in its bilinear
form,

a2 =

(1.224)

DD, +D}f-f=0. (1.225)
O
We next consider a bilinear equation of the form

F(DtvasDya-~-)f'f:07 (1226)
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Figure 1.7. The numerical simulation of the interaction of two solitons using
the fully discrete soliton equation, u/;t! — ', = 8 ('™ u!, — ulH'u’ +1)» where
n=...,—1,0,1,... and § is the lattice spacing. At¢t = 0, a large soliton is about
to interact with a small soliton. At ¢t = 28 they are overlapping, and at t = 49
they recover their original shapes. Their shapes are not smooth because their time

evolutions take place at discrete time and space steps.

where F is a general polynomial in D,, Dy, Dy, ... . Let us call this equation
a KdV-type bilinear equation. The distinguishing feature of a KdV-type bilin-
ear equation is that it has just one dependent variable f. Introducing vector
notation,

D=(DtsD.\‘aDy9--~)7 (1227)
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we can rewrite (1.226) as
F(D)f-f=0. (1.228)
Further, we impose the following conditions on F:

(i) F(~D) = F(D), (1.2292)
(ii) F(0) =0. (1.229b)

Condition (i) is not essential. If a polynomial in D, Fyqq, is an odd function,
then Foqq(D)f - f = 0 automatically. Condition (ii) is required in order to
find a solitary wave (soliton) solution. We have expanded f =1+ ¢f] + - --
in performing a perturbation method. However, without this condition, the
0-term is given by

F(0)1-14#0,

and therefore f is not a solution.

Remark
If condition (ii) does not hold, the solutions found are quasi-periodic. Akira
Nakamura [25] has shown that the KdV-type bilinear equations possess genus-
two quasi-periodic solutions in this case. 0

Almost the same perturbation method, applied to the bilinear form of
the KdV equation, may be used to construct the two-soliton solution to
any KdV-type bilinear equation [20-22]. We have already stated that the
relation

F(wi —wy, PL — Pa,...)

F(oi +w2, P+ P2, ...)

X F (0, Oy, ...)exp(n + n2)
(1.230)

F(Ds, Dy,...)expn) -expny =

holds for any polynomial F. We can also rewrite this relation in the succinct
form
F(P — P)

F(D)ex - €X =——F 3 X .
(D)expny -expn2 F(P1 + P)) () exp(n1 + 12)
(1.230")
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where

P1:|:P2:(a)1:|:a)2,P1:|:P2,...),
0 = (0, 0y, ...).

By the perturbation method, the two-soliton solution for the KdV-type bi-

linear equations,
F(D)f - f =0,
is
[ =14expn +expnz +azexpn +n2),

where

ni = Pix + Qjt + Q;y +constant (i = 1, 2).

This last equation may be written as
n; = P; - x; + constant
using vector notation:
P =(Q, P, 0i,...),
xi = x,y,...).
The nonlinear dispersion relation is given by
F(PH)=0 (=12),

and the phase shift a5 is given by
F(P — P))

WCETEP + Py

Remarks
(1) An extension of the KdV-type bilinear equations,

FED)f - f+(Lif)- (L2)]=0,

(1.231)

(1.232)

(1.233)

(1.234)

(1.235)

(1.236)

(1.237)

also possesses a two-soliton solution. In the above equation, L; are linear

differential operators,

L; = L;(9),
L;i(0) =0,

(1.238)



1.8 Solutions of bilinear equations 53

fori = 1, 2, and F (D) satisfies the same conditions as before:
(i) F(—=D) = F(D), (1.229a bis)
(i) F(0) =0. (1.2290 bis)

The two-soliton solution is of almost the same form as that of a KdV-type
bilinear equation,

f=1+expn +expnz +anpexp(m + n2), (1.239)

where n; = Pix + Qjt + Q;y + --- + constant and F(P;) =0, for i =
1, 2. The only difference lies in the phase shift term, which is given by

ap = —M(l +7)
FPi+ P2) ’ (1.240)

1
y = E[LI(PI)LZ(PZ) + Li(P2)L2(P1)].

(2) We investigate briefly equations of trilinear form which possess a three-
soliton solution. The two-soliton solution for the KdV-type bilinear equa-
tion

FD)f-f=0 (1.241)
is given by
f =1+expni +expny +anexp(n + n2). (1.242)
By employing the above F (D), let us consider the trilinear form:
FD)FQ@)f1-[F(D)f - f1=0. (1.243)
This type of equation, in addition, possesses a three-soliton solution,

f =1+expn +expn +expns + aizexp(nt + n2)
+aizexp(n + n3) + azz exp(n2 + n3)
+anaizax exp(n +n2 + n3), (1.244)

which implies an essential difference between a bilinear form and a trilin-
ear form. 0

We now return to the bilinear form of the KdV equation,

Dy(D, + D} f- f=0, (1.226 bis)
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and find a three-soliton solution. Choosing
fi =expmn +expm +expn; (1.245)

as a solution to the linear differential equation (1.213), the perturbation method
gives

f=1+expn +expn +expn;
+ apexp(n + n2) + a3 exp(n1 + n3) + azz exp(n2 + n3)
+ aipzexp(ni + n2 + n3), (1.246)

where

ni = Pix + Q;t + constant, ; + Pi3 =0 (i=1273),
_Pi=P)?

aij = ——— ({,j=1,2,3),
(P + Py)? - )

and a3 = ajpai3azs. Although it is a complicated calculation to obtain this,
it is simple when using computer algebra software.
By writing

ajj = exp Ajj,
we may express f as

3

3
f= Zexp Z,U«i’?i + ZAijMi,Uvj
i=1

i<j

In this expression, the first Y means the summation over all possible
combinations of w1 =0,1, up =0,1, u3 =0, 1. For example, the choice
w1 =1, up =0, uz3 =0 gives expny, the choice pu;=1,ur =1, usz =
0 gives ajpexp(ni +1n2), and the choice w; =1,u, =1, u3 =1 gives
aizzexp(n1 + n2 + n3). The notation Z,(i) j means the summation over all pos-
sible pairs (i, j) chosen from the set {1, 2, 3}, with the condition that i < j.
Hence, f is written as

f =1+4+expn +expny+expns
+exp(Arx + 1+ n2) +exp(A13 + 11 + n3)
+ exp(Az3 + 2 +1n3) +exp(Aix + Az + A2z + 11 + m2 + 13).
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By employing the above notation, the N -soliton solution is expressed as

N (N)
f=exp | Y owmi+ Y Aiing | (1.247)
i=1 i<j

where the first > means a summation over all possible combinations of

nu1=0,1, up=0,1,...,uny =0, 1, and Zfi’; means a summation over all
possible pairs (i, j) chosen from the set {1, 2, ..., N}, with the condition that
<.

For all KdV-type bilinear equations,
FD)f-f=0, (1.241 bis)
having N -soliton solutions, f has the form (1.247). Putting

P; =(Q, P, 0;,...),
xXi =, x,y,...),
we have, fori, j =1,2,3,..., N,

n; = P; - x; + constant,

(1.248)
F(P;) =0,
and the phase shift g;; is given by
g = — L= P)) (1.249)
Y F(Pi+Pj) '

The function F (D) is not arbitrary, however; it must satisfy the condition

N (N)
ZF(ZO,‘P,’)HF(U,‘P,’—O’ij)CT,'O’j=0, (1250)
i=1 i<j

where > means the summation over all possible combinations of
01=0,1, 0p=0,1,...,0y =0,1. This is called the Hirota condition
[20-22,26-29].

Remark
Though this condition is obtained by substituting the N -soliton solution f into
the KdV-type bilinear equation, it is not easy to derive or to prove. As is shown
in Chapter 2, once the structure of a bilinear equation has been clarified, we can
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use a completely different technique to obtain a simple proof of (1.247) for
every N. Therefore we need not prove the above condition for arbitrary N.
However, the search for a function F satisfying the condition was formerly the
only way to discover a soliton equation by the direct method. Except for the
case F (D) = D1 D,D3 D4 (J. Hietarinta, private communication), there appear
to be no bilinear equations that possess a three-soliton solution but no four-
soliton solution. Hietarinta checked the condition for a three-soliton solution
using computer algebra software and discovered many new (potential) soliton
equations [26-29]. ([

Bilinear equations are transformed into normal nonlinear partial differential
equations by employing the formulae described in the following section. The
rest of this section is devoted to listing KdV-type bilinear equations satisfying
the above condition for arbitrary N. We also give the associated dependent
variable transformations and nonlinear partial differential equations. We have
omitted partial difference equations from this list.

e KdV equation

U + 6uny + tyyy =0, (1.251a)
u =2(og f)xx, (1.251b)
D, (D; + Di)f - f=0. (1.251¢)

e Lax fifth-order KdV equation

ur + 10( + 3u? + unee) | + txeer =0, (1.252a)
u =2(og fxx, (1.252b)
[Dy(D; + D) — 3Ds(Ds + D) f - f =0, (1.252¢)

where f also satisfies the bilinear equation
D (Ds+D)f - f =0, (1.253)

involving an auxiliary variable s.
e Sawada—Kotera equation

w15 + utty) + iy =0, (1.254a)
u =2(10g f)rx (1.254b)
DD, +D)f - f=0. (1.254¢)
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e Boussinesq equation

Upp — Uxx — 3(142)){.\‘ —Uxxxx =0, (1.255a)
u = 2(log f)xx, (1.255b)
(D} - D:-DHf-f=0. (1.255¢)

e Kadomtsev—Petviashvili equation (KP equation)

(r + Outty + tiyxyy)x Luyy =0, (1.256a)
u = 2(log f)xx, (1.256b)
[D«(D+ D)) £ D}|f - f=0. (1.256¢)

e Model equations for shallow water waves

o0
@) Up — Uyy — duu, + 2ux/ wdx’ +u, =0, (1.257a)
X
u = 2(log f)rx, (1.257b)
[Dx(Di — D;DF + Dy) + §D;(Ds + D) f - f =0, (1.257¢)

where f also satisfies the bilinear equation
Dy(Ds+D))f - f =0, (1.258)

involving an auxiliary variable s.

o0
(ii) Up — Uyxs — 3Ul; + 3y / udx’ +u, =0, (1.259a)
X
u =208 f)rx, (1.259b)
D.(D, — D;,D> +D,)f - f =0. (1.259¢)

e Toda lattice equation

2

% log[1 + V()] = Vi1 (1) — 2V, (1) + Vi1 (1), (1.260a)
s _ Jap1 @) fuo1(0)

Va(t) = ﬁlogfn(t) =T 07

[D? — 4sinh? (1D,)] fu - fu = 0. (1.260c)

1, (1.260b)
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1.9 Transformation from bilinear to nonlinear form

If it has been shown that a certain bilinear form satisfies the Hirota condition
and so has an N -soliton solution, or if an unusual bilinear form is discovered,
we would like to transform it into a normal partial differential equation. There
is no unique nonlinear partial differential equation obtained in this process; for
different choices of dependent variable transformations, the bilinear form can
be transformed into completely different types of differential equation.

The following formulae facilitate transformation from bilinear forms to
nonlinear partial differential equations.

1.9.1 Rational transformation

The fundamental formula is
exp(8D,)a - b = {exp[2 cosh(§9,) log b]}[exp(80y)(a/b)]. (1.261)
This is easily proved:

RHS = exp[log(b(x + 8)b(x — 8))Ja(x + 8)/b(x + 8)
=a(x +8)b(x —§)
= LHS.

Introducing dependent variables W and u defined by
W =a/b, u=2(ogh)yy,

and expanding (1.261) with respect to §, we obtain

(Dya - b)/b* = Wy, (1.262a)
(Dia-b)/b* = Wy, +ul, (1.262b)
(D3a - b)/b? = Wypy + 3uy, (1.262¢)
(DYa - b)/b? = Wy ry + 6uWyy + (1 + 3u>)W, (1.262d)
(D3a-b)/b* = Wyprar + 10uW oy + 5y + 3u?)W,. (1.262¢)

1.9.2 Logarithmic transformation

The fundamental formula is

cosh(6D,) f - f = exp[2cosh(8d,) log f]. (1.263)
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Let us define a dependent variable u by
u=2(log f)xx-
The Taylor expansion of (1.263) with respect to § gives
(DIf - NI =u,
(DY - ))/f? = tax + 30,
(DSf - )/ = trxx + 15Uy, + 150,

1.9.3 Bi-logarithmic transformation

The fundamental formula is

59

(1.264)

(1.2652)
(1.265b)
(1.265¢)

exp(6Dy)a - b = exp[sinh(59y) log(a/b) + cosh(69y) log(ab)]. (1.266)

Defining dependent variables ¢ and p by
¢ =log(a/b), p =log(ab),
we have, from the Taylor expansion of (1.266),
(Dya -b)/ab = ¢,
(Dia-b)/ab = pex + ¢7,
(Dia -b)/ab = ¢yxy + 3Py prx + (lﬁv
(Dia “b)/ab = pxxxx + 4@y pxxx + 3,03;( + 6¢,%)0xx + ¢iv

(1.267)

(1.268a)
(1.268b)
(1.268¢)
(1.268d)
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Overtaking interaction.

2.1 Introduction

In Chapter 1, we discussed transformations between soliton equations and bi-
linear equations and the solution of such equations. But what is a bilinear
equation, or, more concretely, what mathematical structures are characteristic
of bilinear equations? One answer to this question is the existence of groups
(related to affine Lie algebras) which act on bilinear equations. In fact, a col-
lective understanding of soliton equations has developed from this viewpoint,
and many new soliton equations have been found using this group-theoretical
method. This approach, however, calls for a deep knowledge of algebra, and,
even when this has been attained, it is difficult to apply. Soon after the birth of
quantum mechanics, group theory became a great craze (called Gruppenpest),
where many people only studied group theory and never managed to apply it.

60
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Since this book is aimed at students of science and technology, we omit most
of the group theory.

A new viewpoint, discovered by Mikio Sato [12, 13], is to regard bilinear
equations as equivalent to Pliicker relations in a Grassmann manifold. This in-
terpretation of soliton equations, based on a deep knowledge of mathematics,
is admirable and beautiful, and has had a strong influence on the author. How-
ever, its later development has been so abstract that the author has not been
able to understand it completely.

Abstract theory does not seem to be of value to pragmatic researchers, such
as the author, who wish to find exact solutions to nonlinear differential equa-
tions and to discover new soliton equations. Such theory has, up to now, not
been very efficient in generating nonlinear partial difference equations, which
play an important role as difference schemes for nonlinear partial differential
equations. Since the author believes that soliton equations can be discretized
and that the era of difference equations has yet to come, Sato theory will not
be thoroughly investigated in this book. In this chapter we consider bilinear
equations arising from soliton equations from a unified viewpoint, as nothing
more than pfaffian identities.

A particular pfaffian identity can be expressed symbolically as

O|O0|O|0O]|x

=10]|0 x OO0

-10 O x O @)

+| O O x| O O

The purpose of this chapter is to understand the meaning of the above diagram-
matic expression. To this end, it is necessary to learn some facts about pfaffians
and determinants.

2.2 Pfaffians

Although the properties of determinants are well known, most people know
little about pfaffians [30]. This section discusses the properties of pfaffians,
which are more varied than those of a determinant. Determinantal identities,
such as Pliicker relations and Jacobi identities, are extended and unified as
pfaffian identities, which are, in fact, simpler. There are many other interesting
features of pfaffians which have been discovered (or rediscovered) through
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research into soliton equations. The author is certain that, as pfaffians be-
come more widely known, their applications in other fields will be developed
further.

A pfaffian may be obtained from a determinant in the following way. Let A
be the determinant of an m x m antisymmetric matrix,

A =det(ajr) =/ k=m), 2.1)

where a;y = —ag j. If m is odd, then A =0, and if m is even, then A is the
square of a pfaffian. This pfaffian has order n, where m = 2n, thought of as a
polynomial in matrix entries, and is denoted

(1,2,...,2n).
For example, if n = 1,
‘_21’2 “82 —al,=(1,27 2.2)
and, if n =2,
0 aiy  a13  dia
—aip 0 a3 a

4 2
= (a1,2a3,4 — a13a2,4 + a1,4a23)
—a13 —ax3 0 azq

—ay4 —az4 —azs O
=(1,2,3,4)>. (2.3)

Therefore, a second-order pfaffian given by (1, 2, 3, 4) is expanded as
1,2,3,49=(1,2(3,4 - (1,3)2,4) + (1,42, 3), 24

where (j, k) = ajx for j < k. It should be noted that, from the antisymmetric
property ai, j = —aj i, we have

(k, j) = —(j, k). (2.5)
In general, a pfaffian (1, 2, ..., 2n) can be expanded as

(1729"'52’1):(1,2)(3,4,--.,2”[)_(1,3)(2,4,5,...,2”[)
(L 423,52 —

+(1,2n)(2,3, ...,2n — 1)
2n
=D (=1, 2.3, 7. 2, (2.6)

j=2
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where fmeans that index j is omitted. An alternative expansion is given by

(1,2,....20) = (2,3, ...,2n — 1)(1, 2n)
—(1,3,4,...,2n — 1)(2,2n)
+(1,2,4,...,2n— 1)(3,2n)

— 4 (1,2,...,2n—2)2n — 1,2n)

2n—1
=Y (=DM = DG 2n). @2)
j=1

Repeating the above expansion, we arrive at the summation of products of
first-order pfaffians [30]:

(1,2,...,2n) = Z/(_l)P(il, i2)(i3,14) (5, i) - - - (I2n—1, i20). (2.8)
P

These first-order pfaffians (i, j) are called the entries in the pfaffian. In the
above equation, " means the sum over all possible combinations of pairs
selected from {1, 2, ..., 2n} that satisfy

I <lp, I3 <lI4, i5<Ig,..., lop—1 <i2n,

i1 <iz<is<-- <lipy_i. .9)

The factor (—I)P takes the value +1 (—1) if the sequence i1, i2, ..., i2, is an
even (odd) permutation of 1, 2, ..., 2n.

Remarks
(1) Since the expansion formula (2.8) is hardly ever used in soliton theory, it is
not necessary to memorize it exactly. However, it should be remarked that
this gives another definition of a pfaffian.
(2) The expansion formula (2.8) has a similar structure to that of an nth-order

determinant,
a,) a1z a3z - din
a| axp a3z .- dgp
det(a],k)lfj,kfn = a3,1 a3,2 a3,3 e a3,n
dp,1 Ap2 A4p3 -+ dpn

/
> (=Ofayan 003 a0 (2.10)
P
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where here the sum is over all permutations iy, i,i3,...,i, of 1,2,
3,...,nand (=" is as in (2.8).

(3) An nth-order pfaffian is expressed using 2n indices (1,2, ...,2n). The
number of independent entries (i, j) is equal to »,C», that is, the number
of ways to choose two objects from 2x.

(4) If two indices among the 2n coincide, then the value of the pfaffian is equal
to zero.

(5) We may also use other notation for the pfaffian (1, 2, ..., 2n).

(i) In order to specify all the entries, we adopt the following notation,
where we use a triangular array, containing the upper triangular entries

of a matrix:
larp a13 a4 -+ aiom
a3 dx4 - az on
(1,2,3,4,...,2n)= as4 - aAzon |, (2.11)
azn—1,2n

(i1) In analogy with the notation for an nth-order determinant, we some-
times employ the notation

(17 2’ 39 47 D) 2”) = Pf(al,j)1§l<j§2?‘l‘

(6) Johann Friedrich Pfaff (1765-1825) is famous for the Pfaff form of an
ordinary differential equation. He was known to be a judge of the doctoral
dissertation of the great mathematician Karl Friedrich Gauss. (I

2.3 Exterior algebra

Using exterior algebra, which arises in connection with the vector (exterior)
product satisfying A x B = —B x A, one can give a clearer definition of a
determinant and of a pfaffian. First of all, let us introduce a one-form given by

n
wi =Y aix! (=12, 2n). (2.12)
j=1

The fundamental property is that the x/’s satisfy the antisymmetric commuta-
tion relations

xAxd = —xi /\xi, K Aaxt=0. (2.13)

Apart from the above relations, such an object obeys the normal rules of
algebra.
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Remark
We use the product symbol A instead of x. O

The coefficients a; ; are arbitrary complex functions, and the determinant
det(a;, j)1<i, j<n is defined by means of the exterior product of 7 one-forms:

OIADAWINA - Awy = det(ai,j)lf,',jfnxl AXZAAX (2.14)
For example, if n = 2,

w1 Awy = (a1 1x" 4 a12x%) A (az1x" + az 2x?)

1, .2
= (a1,1a22 — a1 2a2,1)X AX

a1 aiz

= x' A X2 (2.15)
a1 dzp

Next, let €2 be a two-form given by

Q= Z bi’jxi /\xj, bi,j = —bj’,'. (2.16)

1<i<j<2n

A pfaffian with (i,j) entry b; ; is defined in terms of the n-tuple exterior product
of Q:

QAQA---AQ=n!(1,2,3,....20) x' AXZ Ao A X, (2.17)
— —o—

n copies

From the above definition, one obtains the expansion formula for the pfaffian.
For example, in the case n = 2, we have

Q=02Dx' A2+ @03 A+, Hx AP+ 2,32 A
+ @2, 4x2 Axt + (3, H)x3 A xt, (2.18)

and so
QAQ = [(1, Dl A X2+ (1,3 Ax3 + (1, 4)x A x
F QAR+ Q2 Axt £ B, 43 /\x4]
A [(1, Dl A2+ (13 A+ (1, 4x! A X

T2 AL QDA+ G A A x4]
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= (1,23, x' APA A +(1,3)2,4) x AxP AP AX?
+ (1L, D2 A AZA+ 2,31, 4 2 A Ax Ax?
+ 2,3 A ANAL B HA,2) B At A AR
=2[(1,2)(3,4) — (1,3)2,4) + (1,2, )] x' Ax? Ax3 Ax?,
(2.19)

On the other hand, definition (2.17) gives
QAQ=2(,2,3,4) x' AxZ A3 Ax?, (2.20)
and so, comparing (2.19) and (2.20), we obtain the expansion expression

1,2,3,4) =(1,2)(3,4) — (1,3)(2,4) + (1,4 (2, 3). (2.21)

2.4 Expressions for general determinants and wronskians

We have given a definition of the pfaffian through the determinant of a 2n x 2n
antisymmetric matrix. Conversely, an nth-order determinant,

B =det(b; i) 1<j.k<n (2.22)
is expressed as an nth-order pfaffian,
B=(1,2,...,n,n% ...,2% 1%, (2.23)
where the pfaffian entries (j, k), (j*, k*), (j, k*) are defined by

(k=0 (k=0 (.k)=bjk (2.24)

Remark
The superscript * was originally used in connection with creation—annihilation
operators [30] in quantum field theory. In this book, however, it is simply used
to distinguish j and j*. O

For example, if n = 2, we have

b1 b1z

=(1,2,2% 1%). 2.25
b1 bao ( ) (2.25)

This is because

RHS = —(1,2%)(2, 1*) + (1, 1")(2, 2*) = by.1b2.2 — b1.2ba.1 = LHS.
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Next we consider a wronskian determinant, which often appears in the
theory of linear ordinary differential equations. An nth-order wronskian
Wr(f1, f2,..., fn) is defined by

3/~!
Wr(f1, f2,..., fn) = det fi
1<i,j<n

axJ/—1"
O L (n—1)
fl 1 fl fl
O 1 L0 (n—1)
f2 2 2 2
0 1 2 —1
A O Al RO X7

© L L@ . =D
n n n n
where fi(j ) stands for the jth derivative of f; = f;(x) with respect to x,

o _
fi=—fi (=0,12,....,n—1). 2.27)
Let us introduce pfaffian entries
dj,i) = f,-(j), dj,di) =0, (2.28)

fori=1,2,...,nand j,k=0,1,2,...,n— 1. Using these, an nth-order
wronskian can be expressed as an nth-order pfaffian [31]:

Wr(f1, f2, ..., fa) = (do,d1,da, ..., dp—1,m,...,3,2,1). (2.29)
For example, in the case of n = 2, we have
f(O) 1)

! bl = (do,d1,2, 1)
f2(0) f2(1>

= —(do, 2)(d1, 1) + (do, D)(d1,2)
=108 = HHD (230)

We have already seen that any nth-order determinant can be expressed as an
nth-order pfaffian. It can also be shown that a 2nth-order determinant can also

be expressed as an nth-order pfaffian. Using the exterior algebra described in
Section 2.3, take 2n one-forms

2n
w =Y ajx’ (i=12..2n). (2.31)
j=1
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The determinant det(a; j)1<;, j<2n can be defined by
WA N ANwyy = det(a,"j)lﬁi,jfzn xl A x2 VAN /\x2”. (2.32)
Next, recall that if 2 is the two-form

Q= > G.)Hx'ax,

1<i<j<2n

then the pfaffian (1,2, 3, ..., 2n) is defined by the n-fold exterior product of
Q7

QAQA---AQ=n(1,2,3,....20) x' AXZ A A X, (2.33)
—_—

n copies

Now consider the particular two-form

QL=wj Aoyt w3 Awg+ -+ w1 N wy. (2.34)
For this €2,
QAQA---AQ=nloi Ay Aw3 A -+ A woy. (2.35)
_—_
n copies

Let us consider w;’s defined by

2n
wp =Y axl, (=12...20). (2.36)
j=l

From the definition, we have
_ N 1 2 2n
W AW Aw3 A Awyy =det(a; j)1<ij<on X AXT A AXT

(2.37)
Substituting the above into (2.35), we obtain

QAQA---AQ=n! det(a; )i<ij<on X' AXZ A Ao AXP. (2.38)
=i <

n copies

On the other hand, substituting (2.36) into (2.34) gives

Q= > bijx Axd, (2.39)

1<i<j<2n
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where b; ;’s are given by

n
bi,j = E (@m—1,i @2m,j — A2m—1,j Aom,i)-

m=1
It follows from (2.39) that
QAQA--AQ=n(1,2,....20) x' AXZ A A X, (2.40)
—_ ——
n copies

where (i, j) = b; j fori, j =1,2,...,2n. Comparing (2.38) and (2.40), we
deduce that

det(a;, j)1<i,j<on = (1,2,...,2n), (2.41)

which expresses any 2nth-order determinant as an nth-order pfaffian. For ex-
ample, if n = 1, we have

a1 ai2

=(1,2) =ai1a22 — a1 2a2,1. (2.42)
a1 azn

An odd-order determinant has the pfaffian representation
det(a;, j)1<i,j<ont+1 = (do, 1,2,...,2n + 1), (2.43)

with its entries given by
n

G, j) =) (@m—1iam j — a1 ami), (do,i)=ami1i,
m=1

(2.44)

that is, a (2n + 1)th-order determinant may be expressed as an (n + 1)th-order
pfaffian.
For example, if n = 1, we have

a1 aip a3
ar1 ap ax3| = az;(aipaz3—aizaz)—azp(ay1az3—ay3az )
as| azp as3
+aszs(ar1a2,2 —ai2a2,1)
= (do, 1)(2, 3) — (do, 2)(1, 3) + (do, 3)(1,2)
= (dop, 1,2, 3). (2.45)

From this we observe that the pfaffian expression for an odd-order determinant
is obtained by expanding the determinant by the last row, considering it as a
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sum of even-order determinants and then making use of a pfaffian expression
for these even-order determinants.

2.5 Laplace expansions of determinants and
Pliicker relations

2.5.1 Laplace expansions of determinants

An nth-order determinant A, = det(a;, j)1<;, j<n can be expressed as a sum of
products of rth- and (n — r)th-order determinants.

We first choose r indices i1 < iy < --- < i, from 1,2, 3, ..., n, and let the
remaining ones be i1 < i,42 < --- < i,,. Then we have

A, = Z(_I)PA (l.l l? e l,) A (ll‘Jrl Ir4p -~ ln) ’
j] 12 tet jr oo .]l?

jr+] jr+2
(2.46)
where P =iy +i>+ - -+ 1 + j1 + jo + - - - + jr. In the above,
A <l'.1 i; l..r)
Ju. 2
denotes the (rth-order) determinant of the matrix (ai P’-/‘l)l <pg<r’ and
A (i7'+1 il‘+2 e ln)
jl‘+1 jr+2 ce jn
denotes the ((n — r)th-order) determinant of the matrix (a,- oa )r Hl<pg<n’ The
indices j; < jp < --- < j. are chosen from 1,2, ..., n, and the remaining

ones are jy41 < jr42 < --- < jn, and Y denotes the sum over all possible
such choices, ,C, = n!/[r!(n — r)!] in number, of ji, ja, ..., j-. This expan-
sion formula is called the Laplace expansion of A,,.

Remark
The Japanese mathematician Yoshita Kurushima (d.1757) discovered the
Laplace expansion of a determinant before Pierre-Simon Laplace (1749—
1827). ([

We illustrate the Laplace expansion (2.46) by means of an example.
A fourth-order determinant can be expanded as products of second-order
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determinants as

a1 di2 di3z di4

a1 a2 a3 a4 a1 aiz|las3 asa
as as2 a3 a4 a1 ax2||as3 asga
as a4qp a4q3 d44
ay,1 aiz|lasny asa n ai,1 ai4l|azn asgs
a1 ax3||asn asa ax1 axa4ll|asn a4z
L |#2 dai3)|as asal A12 di4)\d3) 433
arp ax3|las1 asa aro axallas1 as3
ay3 ai4llas1 asp 2.47)
a3 ax4|las) asp

This is an example of a Laplace expansion.
Let us establish the expansion formula (2.47) using exterior algebra. Let w;
fori =1, 2, 3, 4 be one-forms,

4
w; = Zai,jxj (i = 1,2, 3»4)~ (2'48)
=1

Then, by definition, we have

a, di2 diz a4
a a a a

Wl AW ANw3 AN wg = 21 2,2 23 2,4 x1 Ax2/\x
as;; daszp az3s a4

agl a4p a43 d4qq4

Saxt (249

On the other hand,

w1 A wy = (al,lxl + a1,2x2 + a1,3x3 + a1,4x4)
A (az,1x" 4 a2 0x? + az 3x% + az ax*)

a1 a2
az1 a2

a1 ais
az1 a3

2 1

= xlAax xlAaxd

_I_

a1 dig
a1l a4

ay2 dadis
a2 a3

2 3

1 4+ X“AX

X AX

ar2 dig
azn a4

ay3 di4
a3 az4

xz/\x4+ x3/\x4
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and

w3 A wg = (a3,1x1 + a3,2x2 + a3,3x3 + a3,4x4)

1 2 3 4
A (a4,1x + agpx” + a4 3x” + a4.4x )

as,1 a2 as, as3
_ |9, 2l a g2 4 | 3l A3
aq,1 a4 as1 a43
a a a a
3,1 3.4 Xl /\x4+ 3,2 3,3 x2 /\X3
as asgq asn as3
a a a a
3,2 3,4 X2 /\X4+ 3,3 3,4 x3 /\X4.
asn  d44 as3 dqq
Substituting the above into
Wl Awy Aw3 Awg = (w] Awp) A (w3 A wg)
gives
W] N Wy N w3 N\ w4
_ )91 a12|433 dsz4) |41l d1,3||d32 d3a4
a1 azp2||as43 asq a1 ax3|lasn a4qq
a1 ai4||asz ass i ai2 ap3||asl asa4
a1 az4|(a42 a43 a2 43| (4,1 a4.4
ai2 dai4||aszl ass a3 di4f|azl asn
a2 az4|lasl da4; a3 daxa4l|a4,1 a4

x xVAXZ A AXE

From (2.49), the terms inside the braces { - - - } are equal to the fourth-order de-
terminant, which completes the proof of the Laplace expansion formula (2.47).
Finally, let us prove the general result. Taking the product of n one-forms,

n
w =Y ajxl (=1,2...n), (2.50)
Jj=1
we generate an nth-order determinant,

OILADDADFIA - Awy = det(a,-,j)lfi,jfnxl AXZA - AX

(2.51)
The left-hand side may be written as the product

(@1 A2 A= ANwp) A@p1 AWpg2 A== AN wy),
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which may be written as a sum of products of rth- and (n — r)th-order deter-
minants. This establishes the formula (2.46) for the Laplace expansion.

2.5.2 Pliicker relations
The following sum of products of second-order determinants,

ap ai
by b1

a, a3
by b3

app az
by b

ap as
by b3

ap asz
bo b3

ai ax
by b

=0, (2.52)

is satisfied identically. This may be proved directly by expanding each deter-
minant. There is, however, another method of proof. Consider the fourth-order
determinant,

apg ap a as ag 0 0 O
bo by by b3 _|bo 0O 0 O
0 ay ay as o 0 ay ay as ’
0 b1 b2 b3 0 bl b2 b3

(2.53)

By means of the Laplace expansion theorem, the determinants on each side of
this equation may be expanded to give

ap dai
by by

ay az
by b3

ap az
by b

ay az
b1 b3

ap az
by b3

a ay
b1 b

=0, (254

as required. Note that (2.54) can be expressed entirely in terms of the column
vectors ¢; = (a;, b;)" as

leo e1llex €3l —leo €2f ler e3|+eo €3] [er e2] =0. (2.55)

This is the simplest case of a Pliicker relation.
In fact, only the indices are important in (2.55), and so we may also express
it as

(0 1)(23) — (02)(13) + (03)(12) = 0. (2.56)

The above expression may also be written in diagrammatic form using Sato’s
Maya diagrams

O(lDO
@)
X
@)
©)
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In the same way, the identity

f ap di f ap aj f ap ap f ayp as

g§ bo bi||g b2 b3|—|g bo b2||g D1 b3

h co C1 h ¢y C3 h co €2 h c1 €3
foa a3l|f a1 a

+1g8 bo b3l|g D1 b2 =0, (2.57)
h ¢y c3l|h c1

for a sum of products of third-order determinants follows from the Laplace
expansion of the sixth-order determinant

f a a 0 a a3
g byp by 0 by b3
h cg c1 0 o c3

2.58
0 0 a [f a a3|’ ( )
0 0 by g by b3
0 0 ¢ h ¢ c3

which is zero. Equation (2.57) may be expressed simply as
(FODS23) - (0D 13H+(f03)(f12)=0, (2.59)
and can be extended to

(frfo--INOD(f1f2 - IN23)—=(fi fa--- INO2)
x(fifarrr INIBDH(f1 2 INOBD(f1 f2 -+ fN12)=0,

(2.60)
which can be expressed in terms of Maya diagrams as
n_n N 0 1 2 3 n__n fy 0 1 2 3
[o]o]--Jofolo] | |x[o]o|-]o] | [o]o]
-lofol-JoJo] Jo| |x[o]o]-]o| |o] [o]
+lofol~Jofo] | Jo]x|ofo]~]o] Jo]o| |=o.

Remark
If one expresses solutions to the KP equation or the two-dimensional Toda
lattice equation in wronskian form, their bilinear forms give this identity. The
number N corresponds to the number of solitons in the solution. One of the
merits in the wronskian expression of the solution is that the verification of
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the N-soliton solution can be performed in the same way as the two-soliton
solution. 0

Here let us discuss the relationship between Sato’s Maya diagrams and
Young diagrams. A Maya diagram describes a state in which fermions are dis-
tributed in a one-dimensional array of cells. Only one fermion can occupy each
cell. We suppose that cells sufficiently far to the left are occupied with parti-
cles and that cells sufficiently far to the right are empty. This corresponds to a
state in which fermions have been excited from a vacuum state. We distinguish
occupied and empty cells using the symbols O and X, respectively. Even
though we have already denoted an empty cell by leaving it blank, we will use
the notation X in order to clarify the correspondence with a Young diagram.
An arbitrary Maya diagram,

[oJofx]x]o]x]ofo|x|x|x]o]x]x|x|x]

corresponds to the Young diagram [32],

I I I I I I
I IO X X X X
Ol X X X
O
X
|
Ol x X
O
Thatis, O and X correspond to ‘ and —— in the Young diagram, respec-

tively. Therefore, if one replaces each element in the Pliicker relation,

0 1 2 3 0 1 2 3

L) N 1 h N
[o[o]~]oloJo] | |x|o]o[--[o] | |o]o]

-[ofol-[ofo] Jo| |x[o]o[-[o] |o| [o]

+lofol~Jofo] | Jo]x[o]o[-]o] [oJo] |=o0.
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with
OAN®) - =Ty,
O|O|— =1,
©) ©) - =10,
©) O|— =1,
O O|— =1m,
ORN®) - =1q,
we have

T$TEH — To T +Tm 1= =0,

where ¢ stands for the vacuum state. It was Sato [12, 13] who discovered first
that the KP equation in bilinear form,

(D} —4D\D3 +3D3)t -1 =0, (2.61)

was nothing but a Pliicker relation.
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2.6 Jacobi identities for determinants

2.6.1 Cofactors

Consider a matrix A = (a;,j)1<i,j<n Whose determinant is D. The cofactor
A;,j with respect to a; ; is the determinant of the matrix obtained by elimi-
nating the ith row and jth column from A, multiplied by (—1)'*/. Then the
following expansion formulae hold:

n
D= aijdij (=12
i=1

n
= @A (=1.2...n). (2.62)
j=1
These are special cases of the orthogonality relations
n
Zai,in,k =6;iD, (2.63a)
i=1
n
> aijArj =8iD, (2.63b)
j=1

where §; ; is the Kronecker § symbol, equal to 1 if i = j and 0 otherwise.
Similarly, let us introduce the cofactor I'(i, j) with respect to (i, j) in the
nth-order pfaffian (1, 2, 3, ..., 2n) defined by

TG, ) =D A,2, 00 G20 (<)),
rg,i)y=-rda,j), TaGi)=0. (2.64)
In the case n = 1, the cofactor of (1, 2), I'(1, 2), is defined to be unity.
The formula for expanding a pfaffian by its cofactors is

2n
(1,2.3,...20) =) (. HTG. j) (=1.2,....2n). (265
j=1

As for a determinant, the cofactors of a pfaffian satisfy orthogonality relations,

2n
> G )T k) =8j4P, (2.66)
i=1
2n
> 6. HT (k. j) = 8ixP, (2.66b)

J=1
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where P = (1,2,3,...,2n). For example, in the case i =1, k = 2, the
pfaffian orthogonality relation (2.66b) is

2n
> (1, HTE, j)=0.

j=3

This is simply an expansion formula of the vanishing pfaffian (1, 1, 3,4, ...,
2n).

Now let us consider the case where n, the order of a determinant D, is even
and each matrix element a; ; equals the pfaffian entry (i, j). The orthogonality
relations (2.63) may be rewritten as

n

2
Zai,in,k =68k P",
i=1

n
> aijArj =8P 2.67)
j=1

Comparing the above formulae with the pfaffian orthogonality relations (2.66),
we obtain

Aix =T, k)P. (2.68)

Since the pfaffian cofactors I'(i, j) are, by definition, antisymmetric, we
can consider the mth-order pfaffian with entries I' (7, j),

U(1,2,3,4,...,2m) =

|T(1,2) I'(1,3) r{,4 --- r'(1,2m)
re,3 re,4 --- 'Q2,2m)
ra,4) --- I'(3,2m) ) (2.69)
F(Zm—'l,Zm)
Remark

The expansion formula of the above pfaffian is given by

2m
F(1,2,3,....2m) = Y (=1)/TA, H)I'Q2.3.....].....2m).
j=1
(2.70)
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In fact, we can also obtain pfaffian identities by reinterpreting this expansion
formula. O

2.6.2 Jacobi identities for determinants [33]

The (N — 1)th-order determinant obtained by eliminating the jth row and the
kth column from an Nth-order determinant D = det(a;, j)1<;, j<n is called the

(J, k)th minor of D, which is denoted by D [/JC] . As defined above, the cofactor

A j equals D [£i| multiplied by a signature (—1)/+X_ That is,

_ itk | J
Ajp= (=1 D[k] (2.71)
where
a;g a2 a3 o arg-1 ko oajg+r o0 aiN
a1 a2 a3 -+ Akl @i+l AN
j aj—1,10aj-12 aj—13 - Aj—1k-1 Aj—1k+1 """ dj—1,N
D =| . )
k J
aj+1,1 dj+1,2 dj+1,3 - dj+1k—1 Ajt+1k+1 " Aj+1,N
an,1 anNp2 daN3 -+ 4y k-1 an k+1 “*+ A4N,N
(2.72)

where the shading indicates the row and column that have been removed. In
the same way, we denote the (N — 2)nd-order determinant obtained by elimi-
nating the jth and kth rows and the /th and mth columns from the determinant

D asD |: ] The formula

ofJol]-oLJel)-of I e

which is called the Jacobi identity [33], will be proved below.

j ok
I m
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First, let us write out (2.73) explicitly in the case N = 3:

o[l )-of o e

The determinant D is given by

ail aip a3
D=\a1 ap ar3|, (2.75)
a1 asp as3

. 2 . S
and the minor D |: 2:|, obtained by eliminating the second row and the second

column from D, is

2 a a
D|: e (2.76)
2 as| as3
Similarly, we have
3 a1 ap 2 a1l ai;z
D = 5 D == 3
3 a1 a2 3 as1 as2
3 a a 23
p|2=["" ‘3 p =a. (2.77)
2 a1 a3 23
Hence, the Jacobi identity is rewritten as
a1 ays3||dail diz| A1 diz||di1l a3
a1 ass|l|az1 azp asl asz||az1 az3

ay1 a2 a3
=aji|a21 a2 ax3|. (2.78)
as1 a2 a3

The above formula can be verified by direct calculation. Even though we can
also make the same verification in the cases N = 3,4, 5 by using computer
algebra, it is still necessary to prove the formula for all N. The following proof
is known [33].

We consider the product of D and an Nth-order determinant of cofactors,
which we denote by Ajs:

Al Ap
Ay Ap

E Ap
0 Anxp
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ai,n

as,1

dar,1

ar41,1
ar42.1

anp,1

)

o O

0

at,r al,r+1
ar azr+1
Aar.r Ar.r+1
Ar4+1,r Ar41,r+1
ar42,r  Ar42,r+1
anr an,r+1
0 Arprn
Arti12
0
1 A1‘+l,r
0 Ariirs
0 Ar—Q—l,r-i—Z
0 Ar—H,n

al,n

s

az.n

dr.n
ar+1,n
ar42.n

An,r
An,r—‘,—l
An,r—§—2

Ann

s

]
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(2.79)

where E is the r x r identity matrix, O is the (n — r) x r zero matrix, and

Ay =

ai, at,r atr+1 al.n
az. | a.r az r+1 azn
, Ap = ;
ar,1 dr,r arr+1 Ar.n
ar+1,1 ar+1,r ar4+1,r+1 dr+1,n
ar42.1 ar42.r ar42 r+1 ar4+2.n
Ap =
dan,1 dan,r an r+1 Aan.n
Ar-i—l,l An,l Ar—&—l,r+1 An,r+1
Ar-i-1,2 An,2 Ar—Q—l,r-i—Z An,r+2
Ay =
Ar—t—l,r Aﬂ,l Ar—H,n An,n
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Because of the orthogonality of the matrix entries g; ; and the cofactors
A; ;j, we have

E Ap

0 Ax

‘All A (2.80)

Ay Ax

_ A11 0
"~ |A2; DE|’

where now 0 is the r x (n — r) zero matrix, E is the (n — r) x (n — r) identity
matrix. The right-hand side of (2.80) written explicitly is

aig - ai, 0 -0 0

ai - ayy 0 o 0

ar,1 cee Ay r 0o --- 0}. (280/)
ar+1,1 ary1, D 0

an,l - an’r O ... D

Hence, (2.80) is equivalent to

Argtir41 o0 A ail - aiy
Aryirs2 0 Aurg2 a1 oAyl
== 9
At ce App arl1 - arr
or, equivalently,
Apylr+1 0 Anyr+l ail -+ Ay
Arpip2 0 Apry2 al - axr nr—1
= . | DT (2.81)
Ar—&-l,n ce An,n arl1 - Ay
Putting r = n — 2, this gives
a o Arp-2
az 1 e az n-2

An—l,n—lAn,n - An—l,nAn,n—l = . . D, (282)

ap—21 -*°° Adp-—2n-2
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which is nothing but the Jacobi identity,
p|" Yol =p|" Hp| * |=p|" ' b @83
n—1 n n n—1 n—1n

Snake’s legs
Looking at the proof of the general case, it is difficult to understand the Jacobi
identity immediately. The author came to understand the result by checking the
formulae using computer algebra, looking for an alternative proof and applying
it to actual problems. g

Remarks
(1) By employing the pfaffian expression for determinants given in Section
2.4, the terms in the above Jacobi identity are expressed as

D ”‘H:(l,z,-.- n—2nnf =25 ... 25 1),
o

D n]=(1,2,...,n—2,n—1,n—1*,n—2*,...,2*,1*),
n
[n—1 * * * 1%
D =(,2,....n—=2,n,n—1%,n=2%,...,2%,17),

D n” j|:(1,2,...,n—2,n—1,n*,n—2*,...,2*,l*),

n—1
[(n—1 n

D =(1,2,....,n—=2,n=2%...,2% 19,
_n—l n

D=(,2,....n=2,n—1,n,n*,n—1%n-=2%...,2% 19,
where
U, k) =G5k =0, (k) =aj.

By means of the Maya diagrams, the Jacobi identity is rewritten as
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- ©) O|x]0O ©)

= xOlO0]0|0O

(2) As will be shown later, if one expresses the solutions to the KP equa-

tion and the Toda lattice equation as grammian determinants, their bilin-
ear equations become Jacobi identities. As a matter of fact, the author did
not know of the Jacobi identity when he started his research into solitons.
He expected that the solution to the bilinear KdV equation could be ex-
pressed as a determinant but could not prove it in that form. As a result
of trial and error, he expanded the determinant, changed the way of writ-
ing the solution, and finally managed the proof by establishing a particular
polynomial identity (the Hirota condition). Luckily, this expression and the
proof are effective for all types (A-type, B-type, ... [15]) of soliton equa-
tions. The proof by means of the Jacobi identity is useless for the verifica-
tion of the solutions to B-type soliton equations, as these are expressed as
pfaffians not determinants. Therefore, if the author had known the Jacobi
identity, the discovery of B-type soliton equations might have taken much
longer. ]

2.7 Special determinants

2.7.1 Perfect square formula (i)

Employing the Jacobi identity, we may prove the theorem which is used in
the definition of a pfaffian. Namely, that the determinant of the n x n antisym-
metric matrix A, = det[a; ;]i<; k<n is equal to zero if 7 is odd and equal to a
perfect square of a polynomial in a; x, called the pfaffian, if n is even.

By using elementary row operations, we may show that A, = (—1)"A,. If

n is odd, then A, = —A,,, and hence A, = 0. For example,
0 aip a3 0 —aipx —ai3
—aip2 0 @wm3|=|ap 0 —az3
—a13 —az3z 0 ay3 a3 0
0 aip a3
=—|-a12 0 a3, (2.84)

—a13 —axy3 O

and hence A3 = 0.
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Let D be the determinant of a 2m x 2m antisymmetric matrix. Then we

have
p[]=o[n =0 o[t =-n], 2]
(2.85)
Hence, the Jacobi identity gives
2
2m—1 2m m— 1
D|:2m—1 2mi|D_ (D[ m D (m=1,2,3,...).
(2.86)

In the case m = 1, we have D = a% 9 Using this recurrence relation, we de-
duce that D is a perfect square for arbitrary m.

2.7.2 Perfect square formula (ii)

Consider the n x n identity matrix £ and antisymmetric n X n matrices A and
B. We will show that the determinant det(E 4+ AB) is a perfect square,

det(E + AB) = (1,2, ..., n, 1*,2%, ... n*)?, (2.87)

where A = (g j)1<i,j<n, B = (bi,j)1<i, j<n and the pfaffian entries are given
by

i, j)=aij=—aj,,
(*, j*) =bij = —bj,,
(i, J) =(j,i") =6

For example, in the case of n = 3, this gives

1+ai2b21+a1,3b3,1 aizbsz ainby 3
az3b3 1 1+az1b12+az3b32 az,1b13
a3 b1 az,1b12 1+a31b13+a32023

=(1,2,3, 1%, 2%,3%)?
=[(,2)@3, 1%, 2% 3% - (1,3)(2, 1%, 2%, 3%)
+ (1,1%)(2,3,2%, 3917
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=[(1,2)(3,3")(1*,2%) + (1, 3)(2,2")(1*, 3%
+ (1,12, 3)(2%, 3% — (1, 1")(2, 2" (3, 3*)]2
= [a12b12 +a13b13 +azzbas — 11°. (2.88)

The identity (2.87) is proved as follows. First of all, we express the square

of the pfaffian on the right-hand side as the determinant of an antisymmetric
matrix:

(1,2, -+ ,n, 15,25 o n*)?

1,1 (1,2 (1,3) --- (I,n) (1,1% (1,2% --- (1,n%)
2, 1) 2,20 2,3) - 2,n) 2,1% (2,2% --- (2,n%

n,1) n,2) n,3) --- (n,n) (n,1% @,2%) --- (n,n*
(1= 1 (1*%2) (1*,3) --- (1*,n) (1%, 1%) (1*,2%) ... (1*, n™)
2%, 1) (2*%,2) (2%,3) --- (2*,n) (2%, 1%) (2*,2%) --- (2%, n™)

(n*, 1) (n*,2) (n*,3) --- (n*, n) (n*, 1%) (n*,2%) --- (n*, n*)

0 a2 a3 - ain 1 0 O --- 0
a1 0 a3 -+ azp, O 1 0O --- 0
a3 azp 0 - a3, O 0 1 . 0

ap,1 Ap2 ap3 0 0 0 0 1
Tl 0 o 0 0 biy bz - bia|

0 -1 0 0 by O byz -+ by

0o 0 -1 0 b3y bsa O - bs,

0 0 0 - —1 byt bup bz -~ 0
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Interchanging columns of this determinant so that an identity matrix is on its
diagonal and multiplying each of the final n rows by —1, the right-hand side

equals

0

—by,1
—b3 1

_bn,l

0

1

0

0

—bi2 —bi3

0 —b2,3
—b32

—bn2 —bn3
E A
g = IEFABI

o)

_bl,n

by, 0O 1 0
—b3, 0O 0 1

0 aip ai3 - aiy
a1 0 a3z --- ay,
a3l azpx 0 - az,

dp,1 dp2 ap3

—
)
e}

oS o o O

2.7.3 Bordered determinants

Bordered determinants play an important role in proving that the bilinear KP
and two-dimensional Toda lattice equations can be expressed as Jacobi identi-

ties.

Let A be an n x n matrix, let |A| be its determinant and let A; ; be its
cofactor with respect to some matrix entry @; ;. Then it is quite easy to prove

that [34]

ar,
az,1

asy

an,1

»

ai2
az;2

as2

y2

a3
a3

as ;3

anp3

3

al.n
azn

a3z n

Adp,n

Yn

X1
X2

X3

Xn

n
=|Alz = ) Aijxiy). (2.89)
ij=1



88 Determinants and pfaffians

Expanding the determinant on the left-hand side with respect to the (n + 1)th

column, we have

ar an a3z -+ aip
ai—1,1 Gi—12 ai—13 '+ di—1n
‘ i
Az + ) (=D X;.
im1 i+1,1 GAi+12 di+13  ditla
dapnl ap2 ap3 dpn
V1 » V3 Yn

Expanding each of the above determinants with respect to its nth row, we

obtain

a1 a2 a3 - daig
aj-1,1 @j-12 4i—13 - di—1n
I
ai+1,1 4i+1,2 4i+1,3 - di+l,n
ap,1 ap2 ap3 +++ dpn
Y1 Y2 Y3 0 Yn
ay1 -+ aij-1 Jj aij+1 - din
" aj—1,1 +*+ Ai—1,j—1 Ai—1,j+1 *** di—1n
=D (=" i Yjs
—
/ Qit1,1 -0 Qigl,j—1 @it1,j+1 ** Qitln
ap,1 -+ dpj—1 an,j+1  ** dnn

from which we can observe the coefficient of x; y; to be —A; ;.
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By moving the (n + 1)th row and column to the first row and column, re-
spectively, this bordered determinant can also be written as

z Y1 y2 y3 = Yn
Xy ap, a2 ay3 -+ dip
X2 a1 azp a3 - Axp 7
X3 oazy asp asy - az,| = AT Z Ai jXiYj- (2.90)
i,j=1
Xpn dp,1 Adp2 ap3 -+ dpn
Remarks
(1) If z = 1, the left-hand side of (2.90) is
Lyt oy ¥y -
X1 ail ay2 ai3 - diga
Xy a1 azp a3z - dap
X3 asz1 azp azz - dip
Xn Aap,1 Aap2 Aap3 -+ dpnp
1 yi » Yn
0 a1 —x1y1 aip—x1y2 -+ aip— Xiyn
0 ax1—xoy1 axp—Xx2y2 -+ aop—X2Yn
10 a3 —x3y1 azp—Xx3y2 -+ a3p— X3yn|’
0 apn,1 —XpY1 Aan2 —XpY2 ' Apn — XpYn

after using Gaussian elimination. Hence, for z = 1, (2.90) gives

al—X1yr a12—X1y2 - Alpn—X1Yn

a1 —X2y1r a22—Xx2y2 -+ A2p—X2Yn n

a3 TX3YL @32 X3Y2 @3 X3Yn|=|A|= Y A jxy;.
: . . e

an,1 —XpY1 An2—XpY2 -+ dpn—XnYn

2.91)

If we impose the additional constraints that (i) the matrix entries are anti-
symmetric, a; ; = —aj;, and (ii) x; = y;, then A;; = —A; ;, and so the
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second term on the right-hand side of (2.91) is
n n n
Yo Aigyivi=— Y Ajiyiyi=— Y Aijyiy;=0.
i,j=1 i,j=1 i,j=1

Therefore, if n is even, we obtain the identity

a1 —y1yr ai2 —y1y2 -+ din — Y1Yn

a1 — Y2y1r a2 —y2y2 -+ AaAznp — Y2Yn

az; 1 —y3yr asz2 —y3y2 -+ A3gn — Y3Vn

an,1 — YnY1l An2 — YnY2 - Qun — YnYn
=lAl=(1,2,--,n)? (2.92)

where the pfaffian entries are (i, j) = a; ;.

(2) Equation (2.92) implies that adding y; y; to each entry g; ; of an antisym-
metric matrix does not change the value of the pfaffian of (a; ;). This fact
will be used in Chapter 3 to derive the relationship between the solutions
of the KP equation given by tkp and those of the BKP equation given by
TBKP>

2
TKp = TBKP'

The following identity holds for bordered determinants:

0 0 Yy ¥y y3 -+ W
0O y1 y2 y3 =+ 0 0 ¢
1 ¢y €3 -+ Cp
Zy ay aip 413 - dip
X1 by a1 a1p a13 -+ aip
Zp a1 azp A3 -+ Ay
—|x2 by axy axp a3 - axp
Z3 a3l 4azp az3 - dip
X3 b3 a3y azp az3z --- azp
Zp Ap,1 Aap2 Aap3 - dpn b
Xn On Aap1 Aap2 ap3 --- dpnp
0O y1 Yy y3 = W
z1 bicy bicy bies --- bicy
X2 a1 axp a3 - Ayp
T |X3 az1 azz a3z - d3p +

Xn dp,1 A4p2 Aap3 - dpn




The above identity is linear in ¢y, c3, .

X
5]

X3

Xn

xi
X2

z3

Xn

X1
X2

X3

Zn

2.7 Special determinants

1

ai
bacy

as,|

dap,1

M
a1
a1

bscy

Y1

at
az1

as;l

b,,cl

y2
aip
bcy

asn

ap2

Y2
a2
az2

bscy

ap2

»
ai2
an

as2

byca

y3
a3
bacs

as s

J3
a3
az3

bscs

Y3
a3
a3

ass

b,c3

yﬂ

al,n
bzcn

asn

dp,n

Yn
al.n
azn

bscy

dp,n

dal,.n
az.n

as.n

bucy.
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(2.93)

.., ¢y and can be proved by comparing

the coefficients of ¢; on each side for j =1, 2, ..., n. First, we set ¢ = ¢ =
-+ = ¢ = 0. Then (2.93) holds because expansion of its left-hand side by the
first column gives its right-hand side. Next, considering the coefficient in ¢y of

this identity we have
0 0

X1 b

X2 by

x3 b3

Xp by

y2
a2
a2

as2

dap2

Yn
dl,n
az.n

as.n

dp.n

:bl

0 w»
X2 axn

X3 432

Xn dp2

Yn
az.n

as

Adn,n
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0 w»m Yn
0 » Yn
X1 ay2 -+ din
X1 ar2 -+ dain
X2 a2 -+ ag
_b2 X3 dazpz --- 43 +b3 —_ ..
X4 azp -+ aap
Xp Ap2 -+ dpn
Xn Ap2 -+ dpn
0 Y2 ot n
X1 a2 dai,n
+ (=D, | 2 @22 e o
Xp—1 Aap—12 -+ dp—1.n

This holds because the right-hand side is simply the expansion of the left-hand
side by the second column. Similarly, the identity holds for the coefficient of
any c . This completes the proof of (2.93).

2.8 Pfaffian identities

There are various kinds of pfaffian identities which will be proved in this sec-
tion. We start with the expansion formula for the mth-order pfaffian

2m
(ar,az. a3, ..., a0m) = Y (=D (a1,aj)(az, a3,....@j, ..., awm).
j=2

(2.94)

Appending 27 indices 1,2, ...,2n homogeneously to each pfaffian in the
above formula, we obtain an extended expansion formula,

(ar,az,...,am,1,2,...,2n)(1,2,...,2n)
2m

= Z(—l)/’(al,aj, 1,2,...,2n)
j=2

x (a2, a3, ..., dj,...,amm, 1,2,...,2n). (2.95)
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Next, expanding the vanishing pfaffian (ay, a3, a3,

o am,2n,1,1) (m is
odd), with respect to the final index 1, we obtain

m
0= Z(—l)j_l(al,az,a3, ey @y ey am, 20, 1)(aj, 1)
Jj=1
- (a17 ap, a3a ) ama 1)(2”, 1)

Therefore, we have

m
(a1, a2, a3, ..., am, (1, 20) = > (=1))"(a;, 1)
j=1
x (a1, az,a3,...,dj,...,am, 1,2n).

Appending 2n — 2 indices 2,3, ..., 2n — 1 homogeneously to each pfaffian
again, we obtain the identity

(ar,ar,...,ay,,1,2,...,2n —1)(1,2,...,2n)
m .
=> (1@ 12,20 = 1)
j=1

x (ar,az,as, ..., dj,...,am, 1,2,...,2n). (2.96)

These formulae will be proved below.

For example, in the case m = 2, (2.95) is written as

(a1,az2,a3,a4,1,2,...,2n)(1,2,...,2n)
=(ay,az, 1,2,...,2n)(as,aq,1,2,...,2n)
—(ay,a3,1,2,...,2n)(ar,a4,1,2,...,2n)
+(ay,a4,1,2,...,2n)(az, a3, 1,2, ...,2n). (2.95")

In the case m = 3, (2.96) is written as

(ar,a2,a3,1,2,...,2n—1)(1,2,...,2n)
=(a;, 1,2,...,2n—1)(ap,a3,1,2,...,2n)
—(ar, 1,2,...,2n— 1)(ay, a3, 1,2, ...,2n)
+ (a3, 1,2,...,2n— 1)(aj, a2, 1,2,...,2n). (2.96")
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Remarks

(1) Equations (2.95) and (2.96') are expressed in terms of Maya diagrams as

o0 O O | x |
=0]|0O x ORN®;
-10 ©) x ©) ®)
+1 O O | x OO

and

@ @ a q @ 4

0|0]|0O x ©)
=0 x O|0]|0O
- ©) x| O OO0
+ O x1 00 O

(2) One of main themes in the direct method is that a variety of soliton equa-

tions give rise to the above pfaffian identities.

O

The rest of this section is devoted to proving these identities. We begin by

proving the identity [35]

M
Z(-l)/(bo,bl,bz,...,ﬁ,,...,bM)(bj,co,cl,...

j=0

N
=Y (=D)*(bo, b1, b2, ..., b, ck)(co, €1, €2, -, Ths -
k=0

This identity is expressed using Maya diagrams as

, CN)

,CN).

(2.97)
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bp b1 b by 0 1 ‘N

X O O|O0|0|0 (ORN®;
+ .
+10|]O0|0|O O
X Oj|O0|0|0]|0O (ORN®;
by by by by <o 1 ) cN
=|O0|O0|O|O|+]|O]O|0O
X O|O|O|+]0O|0O

X (@) O|O0|+]O0|0O
+|/O|O|O|O|]0O|O ©)

X OO0 OO0
+

+O|O|O0|O OO O
x olololo!|-1o

The proof of (2.97) is quite simple. Expanding pfaffians (b}, co, c1,
€2,...,cn) on the left-hand side with respect to the first index b; and
(bo, b1, b2, ..., by, cr) on the right-hand side with respect to the final index
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Ck» gives

M N
D (=07 (=D o, bi,ba, . By b (B, i)
j=0 k=0

X (€0, €1, €25+ ooy Chy v o s CN)
N M
=Y (=D (=1 (bo. by b, ... by ... ba)(bj. ck)
k=0 j=0
X(CO’CI’CZ"“7E\I(7"‘9CN)7

which completes the proof.
As a special case of the identity (2.97), we select M = 2n, N = 2m + 2n —
2 and choose indices b, ¢ to be

b():a], blzl, b2=2, ey bM:bz,,:2n,
co=az, ¢} =az, 2 =44, ..., -2 = A2m,
Com—1=1, com =2, ..., cN = Comi20—2 = 2n.

Since the above choice makes all except the j = 0 term on the left-hand side
of (2.97) equal to zero, the left-hand side is

(1,2,...,2n)(a1,az,as, ...,aum,, 1,2,...,2n).

Also, the right-hand side is equal to

2m—2
Y =Dhan 1.2, 20, ap)
k=0

x(az,asz, ..., ak42, ..., am,1,2,...,2n),

and so, for these choices, (2.97) gives (2.95).
The identity (2.96) is obtained from (2.95) by choosing M =2n — 2, N =
m + 2n — 1, where m is odd, and indices b, ¢ to be

bo=1, b1 =2, bry=3, ..., by =byy_»=2n—1,

co=ai, ¢ =a, 2 =4as,..., Cp—1 = dm,

cm =1, cmr1 =2, ..., CN = Cmyon—1 = 2n.
Remarks

(1) In the next chapter, we will show that bilinear soliton equations give rise
to the fundamental pfaffian identities (2.95) and (2.96). It is mysterious
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that the identities (2.95) and (2.96) are generated from the very simple
identity (2.97).

(2) The Pliicker relation has significance in projective geometry. However, the
geometric meaning of the identity (2.97), which is obtained from a gener-
alization of the Pliicker relation, is still unknown. O

2.9 Expansion formulae for the pfaffian
(ala a, 1, 29 ey 2n)

If (a1, a2) = 0, the pfaffian (ay, a3, 1,2, ..., 2n) can be expanded in two dif-
ferent ways [31]:

(a,a2,1,2,....20) = Y (=) Nay,az, j, k)

1<j<k<2n

x (1,2, 00y joeeiiky o, 20) (2.98)

or
2n
(@r.az, 1,2,....20) = » (=1 [(@1.a2. 1, )2.3,....].....2n)
j=2
+ (1, Dar, a2, 2,3, .00, 7y 20)].
(2.99)
Expansion formula (2.98) is proved simply by expanding the pfaffian
(a1,a2, 1,2, ...,2n) first with respect to a; and then a,. We have

(ar,a2,1,2,...,2n)

2n  2n
=YY =)@, j)ar .2, .. Gk 20
j=1k=1
= Y DM@ a2 k) = (@1, k(@ )]
1<j<k<2n

x (1,2, 0y ]k, 2n)
Yo it e a2 T

1<j<k<2n

o~

k,...,2n),

since (ai, ap) = 0.



98 Determinants and pfaffians

In order to prove the expansion formula (2.99), one has only to expand the
pfaffian (a1, a2, 1, 2, ..., 2n) with respect to the index 1:

(ay,a2,1,2,...,2n)

={,a1)(a,2,...,2n) — (1,ay)(a1,2,...,2n)
2n

+3 DI Harax 2,3, J L 2).
j=2

Next, the pfaffians (a2, 2, ..., 2n) and (a1, 2, ..., 2n) are expanded to give

2n
(@ a2 1.2,....2m) = (La) S (=D (a2, 2.3, T 2)
j=2
2n _
- (1»02) Z(_l)](ala ])(25 37" K] jv- OEE) 2”)
j=2
2n )
+3 =D/ Haraz 2,3, o 20),
j=2

Making use of the condition (a1, a2) = 0, the right-hand side of the above is

2n
Y= [(arax 1. 2.3, ], ... 2n)
j=2

+ (L ar, a2, 2,3, .00, 7, 20)],

as required.
Expansion formula (2.98) can be generalized by considering the pfaffian
(b1,b2,1,2,...,2n) instead of (1, 2, ..., 2n). We have

2n 2n
(@ az. b by, 1,2,....2n) =Y > (=) Nay ap. j. b
j=lk=j+1
x (b1,b2, 1,23, 00 joeeii koo, 20), (2.100)
where (a;, by) =0for j, k=1,2.
Remark

We will make use of these expansion formulae later in connection with the
derivatives of pfaffians. (]
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2.10 Addition formulae for pfaffians

We consider an nth-order pfaffian (1,2, ..., 2n). with special entries (i, j).
given by sums of pfaffians,

@, De=0,J)+Ala,b,i, ). (2.101)
In the above equation, A is a parameter and we also suppose that
(a,b) =0.
Then the following addition formula holds for an arbitrary n:
1,2,...,2n).=(1,2,...,2n) + A(a, b, 1,2,...,2n). (2.102)
For example, in the case n = 2, we have
(1,2,3,4c = (1,2)cB, He — (1,3)c (2, e + (1,4)¢(2, 3)c
=[(1,2) + ra, b, 1,2)][(3,4) + A(a, b, 3, 4)]
—[(1,3) +A(a, b, 1,3)][2,4) + A(a, b, 2,4)]
+[(1,4) + A(a, b, 1,D][(2,3) + A(a, b, 2,3)]
=(1,2,3,4) + A(a,b, 1,2,3,4). (2.103)

Let us prove the addition formula (2.102) by induction. Obviously, the for-
mula holds if n = 1. We suppose that the addition formula holds for an arbi-
trary (n — 1)th-order pfaffian,

-~

(2,3, s g2 = (2,3, e, 20)
+Aa,b,2,3,...,],...,2n). (2.104)

Expansion of the left-hand side of (2.102) gives

2n
(1,2, 2m)e = Y (=D, )e2,3, ..., T, 2n),.
Jj=2

Employing (2.101) and (2.104), the right-hand side equals

2n
D (=D, ) + ra, b, 1, )]

j=2
x[2,3, .. 70 2m) +Aa, b, 2,3, ], 2]

Here, the coefficient of AC is obviously (1, 2, ..., 2n) and the coefficient of Al
is (a, b, 1,2, ...,2n) because of the expansion formula (2.99) in the previous
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section. We next investigate the coefficient of A2. In the expansion formula
(2.99),

(a,b,1,2,...,2n,2n+1,2n+2)
2n+2

= > (=1 [@b. 1, N3, o 20,20+ 1,20 +2)
j=2

(L)@ b, 2,3, Jh 20,20+ 1,204 2)]

we set indices 2n + 1 = a and 2n + 2 = b, so that we obtain

2n

0= Z(—l)j(a, b, 1, ))2,3,...,],...,2n,a,b).
j=2
This shows that the coefficient of A2 is zero, and so we have
(1,2,...,2n)=(,2,...,2n) + A(a, b, 1,2,...,2n),
and the proof of the addition formula (2.102) is complete.

By employing this pfaffian addition theorem, the determinantal iden-
tity (2.91),

a1 a2 -+ dia
a1 a2 -+ aA2a
det|a; j — x;iyjli<i<j<on =

an,1 An2 -+ dpn

0 Y1 Y2 I

X1 ail o ai2 -+ din

+ |2 a1 a2 - Ag|, (2.91")
Xp Ap,1 Anp2 - dpn

may be rewritten as

(1,2, om0, 25 1) = (1,2, ... n,n*, ..., 25 1%)
+(d6ksd01 1725"-7’1’”*7"'92*3 1*)7
(2.105)



2.11 Derivative formulae for pfaffians 101

where the (nonzero) pfaffian entries are given by

(i, e =G, j*) + (dy, do, i, j*) = a;,j — x;iyj,
(i, ") =ajj, (dg,i)=x;, (do, %) =yj.

Remark
This addition theorem is useful for finding difference analogues of soliton
equations and in finding difference formulae for pfaffians. g

2.11 Derivative formulae for pfaffians

The x-derivative of an arbitrary determinant A = det(a;, j)1<;, j<n 1S given by

d0A Ba,-j 0A aa,- j
— = —_— = = A; ;. 2.106
ox Z dx 80,‘,]' 1<i2j:<n ox i, ( )

1<i,j<n

We will derive here an analogous formula for the derivative of a pfaffian.
Consider the antisymmetric matrix whose entries (i, j) are the entries in the
pfaffian (1, 2, ..., 2n). Its determinant,

D =det((i, j)) (2.107)

1<i,j<2n’

isgivenby D = (1,2,..., 2n)2. From (2.106), the derivative of D with respect
to x is

D 3G, )
— = A . 2.108
0x Z 0x " ( )

1<i,j<2n
Substituting D = (1,2, ..., 211)2 and using (2.68), that is
Ay =T, ) 1,2,...,2n),

we have

9 1 oG, j) .. .
(1,2, 2m = - > =T )

0 ‘— 0x
1<i,j<2n
9. j
-y D ki, (2.109)
— 0x
1<i<j<2n

This is the formula for the derivative of a pfaffian.
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If the x-derivative of a pfaffian entry (i, j) is expressed in terms of another
pfaffian, for example

a(@i, j) .
= (aop, bo, 1, j), (ag,by) =0, (2.110)
ax
we obtain
0
a—(1,2,...,2n)=(ao,b0,1,2,...,2n) (2.111)
X

by using the expansion formula (2.98) [31].

The above derivative formula may also be obtained without using the for-
mula for the derivative of an antisymmetric determinant. We first differentiate
directly the pfaffian expansion formula,

2n
(12,20 =Y (=D, 2.3, ] 2, (2.112)
j=1

to obtain

3 21 3
—(1,2,....,2n) = —N =, 3, g2
—(1,2,....2n) [2} ) [ax< D23, 2n)

0 ~
+(1,j)—(2,3,...,j,...,2n)};
0x

then we use induction. If n = 1, then (2.111) is simply (2.110). Under the
assumption that the expansion formula holds for pfaffians of order n — 1, the
right-hand side equals

2n
> (=1 (a0, bo. 1. H2.3..... ], ... 2n)

j=1
+(1, )(a0, b0, 2,3, .., ..., 2m)] = (ao, bo, 1,2, ..., 2n)

using expansion formula (2.99). This concludes the proof of (2.111).

Next, let us calculate the derivative with respect to another variable y, say,
of the pfaffian (ao, b, 1, 2, ..., 2n). There are many possible forms for the
y-derivative of a pfaffian entry. For simplicity, we consider

a .. .

a_(lv .]) = (Cll,b[,l, .])v
, 2.113)
5(610’]7071'7.]') = (az’b07iv.j)+(a07b2aia J)v
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where (a;, a;) = (a;, bj) = (b;, b;) =0fori, j =0, 1, 2. We will show that

d
_(a07 b01 17 2, ey 2”[)
dy

= (a2, b0, 1,2,...,2n) + (ao, b2, 1,2, ..., 2n)
+ (ao, by, ay, b1,1,2,...,2n). (2.114)

In order to prove this, let us consider a y-derivative of the expansion formula
(2.98), that is

(ao,bo, 1,2,....20) = >~ (=17 (ag, bo, i, j)

1<i<j<2n

X (1,2, 00y g, 20),
with derivative
0
_(GO»bO, 17 29 LR 2”)
dy

= > D (a bo.i, j)
1<i<j<2n
+ (a0, ba, i, D1, 2,0y ey o, 20)
i

+ (a0, bo, i, @i, b1, 1,2,y Joe 2w )
Using expansion formulae (2.99) and (2.100), the right-hand side equals

(a2,b0,1,2,...,2n) + (a0, b2, 1,2, ..., 2n)
+(a0,b0,al,bl,1,2,...,2”),
which completes the proof.

As an application of the above formulae, let us calculate the derivative of
the Nth-order determinant [36]

v = det(a;, j)1<i,j<N, (2.115)
where
X

aij =cij +f figjdx, c¢;; = constant,
and functions f;, g; (i, j =1,2,..., N) satisfy the linear differential equa-
tions

0 a" 0 a"

—fi=—Ffi, —g=(=D"" 3 2.116

0xp L ax”" J 0xp §) =D oxn S ( )
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Remark
The determinant Ty is one expression for the N-soliton solution of the KP
equation. ([

Since the calculation of derivatives of the determinant t plays an important
role in soliton theory, we will describe the methods for calculating the deriva-
tives using both determinantal and pfaffian formulae. From the determinantal
formula

3‘[1\/ 8a,~j

N LA, 2.117

0x Z 0x " ( )

1<i,j<N
we have

3‘L’N

- = > figj Aij (2.118)
Y i<ijen

We observe that the right-hand side of (2.118) may be written as a bordered
determinant by putting z = 0 in (2.90), that is

z Y1 y2 Y3 - Yn
X1 a1 ai2 a3 -+ dip
Xy azy axp a3 -+ dyp "
X3 as) aza azy - az,| = 1AlE- Z AijXiyj,
i ij=1
Xn Qp,1 Aap2 Aap3 - dpn
to obtain
0 @ & g - gn
fi a1 aip a3z - ain
TN fa a1 a2 a3 - an 5119
x| w1 a2 a3 - a3 (2.119)
SN an1 an2 an3 - ann

As remarked in Section 2.4, an nth-order determinant can be expressed as
an nth-order pfaffian. Making use of this fact, let us rewrite 7y in terms of the
pfaffian with entries given by

X
(i, j=aj=c +/ figjdx, (@, ))=(@G* j5=0. (2.120)
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Then the determinant Ty may be written as

= (1,2,...,N,N*, ... 2% 1%). 2.121)

The x-derivative of pfaffian entry (i, j*) is given by

A, J*) .
axj = figj = (do.dy. 1, j*), (2.122)
where
. a" _ Py
(d”’-]*): axngj7 (dm’d;[k):()v (d;,;vl):ﬁf‘lv
(dn,i)=(d},, j5)=0, m,n=0,1,2,.... (2.123)

This pfaffian has very similar properties to a wronskian.
From the pfaffian derivative formula (2.111), we have

9
STV = (do.dj. 1.2, N N¥. 2% 1), (2.124)
X

Re-expressing this in terms of determinants we have

(do,dy) (do,1*) --- (do, N*)

9 (1,dy) (1,1 --- (I,N%)
—1TN = . ) .
9x : : :
0 g1 & - &N
-fi a1 a2 - ain

—|—f2 a1 @y - an|, (2.125)

—fN an1 anp -+ anNN

in agreement with (2.119).
Next we calculate the second-order derivative 7y ry. Recalling that
da; j/dx = figj, and using elementary properties of determinants, we
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have the following:

TN, xx
0 81 82 gN
fi ain a2 ain
0
=——— |2 a1 ap a N
dx
N ang1 anp an.n
0 gix &x 8N,x 0 g1 19
fioan arp ai,N fix O 0
— | a1 ap an|_| 2 a1 an
fv ang1 anp an,n SN ani an2
0 @ & gN
fi a1 aip ai,N
— .| fr a1 axp a.N| .
fN,x 0 0 0

8N

az N

Aan,N

By employing the expansion formula (2.93) for a bordered determinant, the
last N terms on the right-hand side may be combined into a single determinant.
Finally, we obtain the derivative formula

TN, xx = —

0 8l.x 82x - &Nx
fi a1 ap - ain
o a1 ap - an
N ang anz - ann
0 & & - &N
fix a1 aip - ain
oy a1 ap - an
fyx anvi anp -+ ann

(2.126)
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On the other hand, in the case of the pfaffian expression, the derivatives of
the entries of Ty are

9 o 9
a(do,dé‘, i, j*) = aﬁgj = fix&j + fi&jx
= (dlv dgv i’ .]*) + (dOa ;k’ i’ .]*)

Using the expansion formula (2.99), we obtain

a
TN xx = B—(do,df)k,1,2,...,N,N*,-.-,2*,1*)
X

= (dy,d 1,2,... N, N* ..., 25 1%
+(do.dF 1,2,..., N, N*, ... 2" 1%).

Expressing the above result in terms of determinants gives

0 81x 82x - 8Nx
-fi a1 a2 - anN
Nax = |2 @1 a2 - an
—fN ang anz -+ ann

0 g1 & &N

—fix a1 ar2 - ain

+|=fox a1 ap - ayn|, (2.126))
—fNx an1 an2 -+ annN

which coincides with the result obtained in the case of a determinant, (2.126).
Through a similar calculation, we obtain

0 8l,xx *°° 8N,xx 0 81,x - &N.,x
Bty i ain - ain 5 fix a1 - ain
PP : . } )
v ana -+ ann fvx anvi - awnn
0 g - &N
flaox a1 -+ ain
—|7 ,
SNxx ang -+ ann
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but to calculate Ty _yrxr needs another result. Using the identity (2.93) for bor-

dered determinants, we have

0 81,x 8N,x 0 81,x 8N,x
fixe fig1 fign fix aia ai N
Iy an an,n fvx an an,n
0 81,x 8N,x
fix ain ai,N
+...+
vy INGI Inen
0 0 81,x gN,x
0 81,x 8Nx ’ ’
0 0 g 8N
floe  ain ai,nN
=" Tl - e fioann ai,n
fyxx awn an,N ' .
fvx IN ana an,n
This allows us to calculate that
34‘51\1
x4
0 81,xxx 8N, xxx 0 81,xx 8N ,xx
fi oa ai,N fix  an ai,n
N ani an.nN fvx an an,n
0 0 gix 8N ,x
' ' 0 81,x 8N ,x
0 0 g gn
fixx a1 ai,nN
+2|fix fioan ainN|—3|" " )
] ' ] fvaxx awnt an,n
fNx IN awnp aN.n
0 g1 &N
fl,xxx at,i ai,N
I (2.127)
fNxxx awnt an.N
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On the other hand, in the case of the pfaffian expression for 7y, we have

ety 0
" =a[(dz,d;;,1,2,...,N,N*,...,2*,1*)

+ 2(di,df 1,2, N, N*, ... 2" 1%)

+ (do.df, 1,2, N, N* ... 2% 1%)]
=(ds,d}.1,2,....N,N*, ..., 2", 1%)

+ 3(da,df 1,2, N, N*, ... 2" 1%)

+2(do, df dy, dF 1,2, ... N N¥, . 25 1%)

+3(dy,d 1,2, ..., N, N*, ..., 2%, 1%)

+ (do,di, 1,2,...,N,N* ..., 2%, 1%), (2.127)

which again coincides with the result obtained in the case of a determinant.

Remark
As we have shown, the calculation of derivatives using pfaffians is much sim-
pler than using determinants. We have presented the calculations using deter-
minants for the benefit of those who are not familiar with pfaffians. U
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Structure of soliton equations

L

[N -] |
\
|

Head-on interaction.

3.1 Introduction

Mikio Sato [12, 13] was the first to discover that the KP (Kadomtsev—
Petviashvili) equation is the most fundamental among the many soliton equa-
tions. Sato discovered that polynomial solutions of the bilinear KP equation
are equivalent to the characteristic polynomials of the general linear group.
Later, he found a Lax pair for a hierarchy of KP-like equations by means of a
pseudo-differential operator, and came to the conclusion that the KP equation
is equivalent to the motion of a point in a Grassmanian manifold and its bilin-
ear equation is nothing but a Pliicker relation. Also, Junkichi Satsuma [37] had
discovered before Sato that the soliton solutions of the KdV equation could
be expressed in terms of wronskian determinants. Later, in 1983, Freeman
and Nimmo [38, 39] found that the KP bilinear equation could be rewritten
as a determinantal identity if one expresses its soliton solutions in terms of
wronskians. In this chapter, we develop the above results and show that some
bilinear soliton equations having solutions expressed as pfaffians (or as deter-
minants) are nothing but pfaffian identities.

110
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Remark
The KdV equation is a 1 4 1-dimensional equation describing shallow water
waves. The KP equation was introduced in order to discuss the stability of
these waves to perpendicular horizontal perturbations [40]. Some physicists
may object to the idea that the KP equation is the most fundamental of the
soliton equations. First of all, the KdV equation is derived through a certain
approximation, and then the KP equation is obtained from the KdV equation
under the assumption that horizontal perturbations are small. This means that
the KP equation is far from a basic equation in the physical sense. However,
the central issue here is not so much the physical viewpoint as the mathemati-
cal one. The KP equation is fundamental because of the simple mathematical
structure of its solutions and its relation to the other soliton equations arising
from this simplicity. 0

3.2 The KP equation

3.2.1 Wronskian solutions

The KP equation is the 2+1-dimensional (two-dimensional space, (x, y) plus
one-dimensional time, ¢) nonlinear partial differential equation

(ur + tyxy + Ouly)x + uyy = 0. 3.1

Since we obtain the KdV equation by neglecting the y-derivative term, this is
also called the two-dimensional KdV equation.

We first present a wronskian expression for its solutions and observe how
the KP equation reduces to a Pliicker relation. The KP equation is equivalent
to

(—4ur + Uyyyx + 6uny) +3uyy =0 (3.2)

under an appropriate scale transformation. Later, we will see the reason for this
scaling of independent variables 7, x and y. The dependent variable transfor-
mation

u=2log )y 3.3)
gives the bilinear equation
(D} —4D\D3 +3D3)t -t =0, (3.4)
where we have rewritten the independent variables as

X=Xy, y=x2, [=2x3
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and their derivatives as
Dy =D, Dy=D,, D;=Ds.

We have also chosen the constant of integration to be zero.
Following the procedure described in Chapter 1, the perturbation method
gives the two-soliton solution

T2 = 1 + exp(n1) + exp(n2) + a2 exp(n1 + n2), (3.5)
where n; = Pix1 + Qixy + Qix3 + n?. The dispersion relation is given by
Pt — 4P +307=0 (i=1,2), (3.6)

and the phase shift term is given by
_(PL=P)* —4(P = P)(R1 — ) +3(Q1 — 02)°

alp = 4 5" (3.7)
(P1+ P2)* —4(P1 + P2) (21 + ) +3(01 + 02)
By putting a;; = exp(4;;), the N-soliton solution is expressed as
N (N)
v =) exp | Y i+ ) Aijpin |, (3.8)
i=1 i<j

where ) is a summation over all possible combinations of | =0, 1, pup =
0,1,..., uy =0,1, and ng is the sum over all pairs i, j, where i < j,
chosen from {1, 2, ..., N}.

Remark
The proof of the N-soliton solution t of the KP equation, found by Satsuma
[41], is very complicated compared with the case of the KdV equation. It is
strange that, if we consider things from the perspective that bilinear equations
are nothing but determinantal identities (Pliicker relations) or, equivalently, if
Ty is expressed as a wronskian, the proof of the N-soliton solution is much
easier for the KP equation than for the KdV equation. Later, we will describe

wronskian and grammian expressions for the N-soliton solution. (]
Let us introduce new parameters p;, g; fori = 1,2, ... [42], where
Pi = pi —qi,
Qi = pi —di. (3.9)
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Using this parametrization, the dispersion relation is satisfied automatically
since

Pl — 4P +307 = (pi — ) — 4(pi — a) (P} — q})
+ 3(p? —¢H* =0. (3.10)

The phase shift term is rewritten more simply as

(P1 — P)* —4(Py — P)(Q1 — ) +3(Q1 — 02)?
(P1+ P2)* — 4(Py + P2)(Q1 + Q2) +3(Q1 + 02)2
_ (p1—p2)(q1 — q2)

(=)@ —p2)’

ap = —

@3.11)

The scaling of ¢, x and y was chosen so as to obtain (3.10) and (3.11). We next
rewrite 7; as

ni = Pix1 + Q;x2 + ©;x3 + constant
=& — &, (3.12)

where

& = pix1 + pixa + pixs + constant,

& =qix1 + C]izxz + q,-3X3 + constant.
Employing this notation, we have

(p1— p2)(q1 — q2)
(p1 —q2)(q1 — p2)
x exp(§1 +& — & — &2). (3.13)

7 = 1+ exp(é1 — &) +exp(62 — &) +

We now define functions f and f; by

fi = exp(&) + exp(&)),

o (3.14)
f2 = exp(&2) + exp(é),

and consider their wronskian,

fl fl,x
f2 f2,x

= [exp(&1) + exp(ED)] [p2 exp(&2) + g2 exp(E) ]
— [p1exp&) + g1 expED ] [exp(&2) + exp(&)] =

Wr(f1, f2) =
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= (p2 — p1)exp(&1 + &) + (g2 — p1) exp(&) + &2)
+(p2 —qexp@E + &) + (@2 — q) expE1 + &), (3.15)

where we have rewritten x; = x for simplicity.
Dividing (3.15) by (g2 — ¢q1) exp(&1 + &2), we have

(g2 — p1)

G —aD) exp(§1 — &1)

Wr(f1, f2) = (g2 — q1) exp(&1 + &2) [1 +

(P2 —q1) exp(s —’g})+(p2 —p1)
(g2 —q1) (g2 —q1)

Then, using the fact that the solution u given by (3.3) is invariant under the
transformation

exp(&) + & — & —é)}.

T — cpexp(cixy + caxo2 +c3x3 + -+ )7, (3.16)
where cg, 1, c2, ... are constants, we see that the wronskian solution is equiv-
alent to

(g2 — p1) (p2 — q1)

exp(& — &1) + exp(& — &)

(g2 —q1) (g2 — q1)

PPV o v 6 —F - B,
(g2 —q1)

Next, we introduce phase constants §;, ’8\, defined by the relations

1+

% exp(§1 — £1) = exp(1 + 61 — & — 80),
q2 — q1 (3.17)

P2 790 ooy —By) = exp(a + 8 — By — ),
(@2 — q1)

and further replace variables &;, g as follows:
E 48 — &, & +06 — &. (3.18)
As aresult, we see that Wr(f1, f>) can be rewritten as

(p1 — p2)(q1 — q2)
(p1 —g2)(q1 — p2)
x exp(§) + & — & — &), (3.19)

Wr(f1, f2) o 1 +exp(&) — &1) + exp(&2 — &) +

which is nothing but the two-soliton solution 7> found by the perturbation
method.
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Generalizing the above result, we might expect to be able to express the
N -soliton solution as the N x N wronskian [12,13,38,39]

0 1 N—1
FOfO L p@-D

1 1
) [¢)) (N=1)
f f .
=" 7 SO (3.20)
O 0 =D
N N N
where j‘[(m) is defined by
al’ﬂ f
(m) i
"= Frr (3.21)
and each f; (i =1, 2, ...) satisfies the differential equations
/i = —f’ (3.22)

X, ax™m

In order to confirm this, we only have to show that 7 satisfies the bilinear
equation [38,39]

(D} —4D1D3 +3D3)t -t
= 2[TyxxxT — 4Tpopn Ty + 31)3)‘ — 4(Tygn T — T3 Tx)
+ (T T — )]
= 2[(Trxxx — 4Tazx + 3Tup00)T — H(Tuwx — Tug) Tx
+ 3(Txx — T (Tax + Ty
=0. (3.23)

The derivative with respect to x of the wronskian

0 1 N-—1
FOfO W=D

1
0 D (N-1)
L h
N =] . . .
© () L(N=D)
IN IN JN
is equal to the sum of determinants, fori = 1,2, ..., N, in which the ith col-
umn of Ty is replaced by its derivative. However, the derivative of the first
column is equal to the second, the derivative of the second one equals the
third, and so on. As a consequence, only the determinant with the last column
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differentiated remains. That is, the derivative Ty , is given by

0 1 N-2 N
FOFO @D e
© L) LN=2) )
N g 2 (3.24)

© 40 (N-2) o)
fN fN fN N

This is one merit of the wronskian expression for ty; if we differentiate 7y,
only the number of derivatives in each column can change, the rows are unaf-
fected. Therefore, we may adopt the simple notation

w=I[0,1,... , N—1] =1,
3.25
wx=1[01...,N-2N] (3.25)

These are expressed more simply by using the following Maya diagrams:

0 1 N-4 N-3 N-2 N-1 N N+1 N+2 N+3

w=O0|O0||O0]|O|0]|O :
wWa=[{O|O|||O|O]|O O

As discussed in Chapter 2, Maya diagrams were first introduced by Mikio
Sato. In the language of physics, the diagram for ty represents the vacuum
state in which fermions occupy cells 0, 1,2,... , N —2, N — 1. In the same
way, the diagram for 7y , represents a state in which a fermion occupying the
(N — Dyth cell is excited into the Nth cell. From now on, for simplicity of
notation, we write just t for ty. Using the relation f; y, = fi xx, the derivative
of ty with respect to x3 is

T, =[0.1,... , N=3, N—=2, N+1]+[0,1,... ,N—3,N,N—1]
=[0,1,... N=3,N—2,N+1]—[0,1,... ,N—=3,N—1, N].
(3.26)

The corresponding Maya diagram expression is

0 1 N-4 N-3 N-2 N-1 N N+1 N+2 N+3

wm= |00 |O0]O|0O O

-1O0|O | ]O|O o]0
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Remark
Each cell is occupied by at most one fermion. This corresponds to the fact that
the determinant of a matrix in which two columns are equal is zero. g

Higher-order derivatives of Ty are expressed, as excited fermion states, by
means of Maya diagrams as follows [43]:

tw= |O|O||O|O|O O
+ OO+ ]0|0O OO0 :
tx= [O|O|]O]0O|0O ©)
21010 |10|0O O O
+ OO0 O|0|0O :
o 1 N-4 N-3 N-2 N-l N N+l N42 N43
e = | OO O]0|0O O
+31 0| O ORN®; O O
+21 O | O ORN®; NN
+31 0| O O OO0 O
+1O|O 0|00 |0O :
o 1 N-4 N-3 N-2 N-l N N+l N42 N43
o= | OO O]0|0O O
-10]0 ORN®; O O
+21 O | O ORN®; NN
-10]0O O OO0 O
+O|O 0|00 |0O :
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= |OlO||O|O|O O
-1O1O0|10O]|0O O O
+ OO |-+]0 O]0|0O :
= |O]O||O|0O|O O
-1O01O0|+10O]|0O OO0
+ OO O0l0|0|0

Summarizing the above results, we have

N-2 N-1 N N+1
t=0|0O ;
TX = O O ’

Txx_fx2=2 OO0 s

Txx+fx2=2 O O,

Txxx — Txz = 3 O O s

Txxxx — 477)53)( + 37x2x2 =12 OO0

where we have omitted the cells common to all the Maya diagrams.

Substituting the above results into the bilinear form of the KP equation, we
obtain the expression

N-2 N-1 N N+1 N-2 N-I N N+1

OO0 x ORN®;

-10 O x O O
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This is nothing but the Pliicker relation for determinants [12, 13] (Section 2.5).
Therefore, we have shown that T = ty satisfies the bilinear KP equation.

Remarks
(1) We have used a wronskian expression for 7. As we have shown in (2.29),
a wronskian is expressed as a pfaffian,

T =(do,d1,da, ..., dN-1,1,2,...,N), (3.27)

where

n

0 .
(dnﬂj)zﬁf‘]a (d}’}’I7dI’I):0(J=172?"'aN7 m’nzoala"-)'

By employing this pfaffian expression, the pfaffian identity for the bi-
linear KP equation is expressed in terms of Maya diagrams as follows:

dy—2 dy—1 dv  dyy dy—2 dy—1 dy  dyyg

O|0|O0|0O]x

O x o0

O
-1 0 O x O O
+| O O x ORNG®;

However, on the left-hand side of the above identity, the term

dy—2 dy_1 dy  dyyg

OO |O|O |=(ddi,dy,...,dv-1,dN,dNs1,1,2,...,N)

is zero since the number of the symbols dj, is larger than number of sym-
bols j, and

(dp, dy) = 0. (3.28)

Hence, the pfaffian identity reduces to the Pliicker relation.

(2) We have shown that t solves the bilinear KP equation only by using the
fact that the functions f;, for i =1, 2, ..., satisfy the linear differential
equations

afi 9" fi

0X;, T gxm

m=1,2,3,...). (3.29)
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Therefore, f; can be chosen to be arbitrary solutions of (3.29). We note
that such a function is obtained by taking any number of derivatives, with
respect to p, of the exponential function

f = eXP(g)y é;- = pXi + p2x2 =+ p3X3 —+ p4x4 4+

(Characteristic polynomials, which are famous in group theory, are also
contained in the above class of solutions [12, 13].)

(3) The function t found here satisfies not only the KP equation, but also the
following series of higher-order KP equations (the KP hierarchy) [15]:

(D} —4D1D3 +3D3)T -1 =0,

[(D} +2D3)Dy — 3D Dy4lr - T =0,

(DS — 20D D3 — 80D3 + 144D Ds — 45DID3)t -1 =0,  (3.30)
(DS +4D3D;3 —32D% —9DID3 +36D2Dg)t - T = 0,

(4) By using the correspondence between Maya diagrams and Young dia-
grams, the above Pliicker relation is expressed using Young diagrams as

3T — ToTE +TmTg =0.

]
Let us summarize the results obtained in this section. The KP equation,
(—4us + tyx + 6unuy)x + 3uyy =0, (3.31)
is bilinearized to give
(D} —4D\D3 + 3Dt -7 =0, (3.32)
through the dependent variable transformation
u =2(log 7). (3.33)

If we express the solution T as a wronskian, the bilinear equation reduces to a
Pliicker relation and is represented as above in terms of Young diagrams. This
fact was first discovered by Sato [12, 13].
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3.2.2 Grammian solutions

We showed in Section 3.2.1 that the bilinear KP equation,
(D} —4D1D3 +3D3)t -7 =0, (3.34)

is nothing but a Pliicker relation if we express its solution t as a wronskian.
In this section, we show that this bilinear equation reduces to another type of
determinantal identity, a Jacobi identity, by considering a different expression
for .

As was shown in Section 3.2.1, the two-soliton solution 75 of the KP equa-
tion is written as

7 =1 +exp(€ — &) +exp(& — &)

(p1—p2)(q1 — q2) expEl + & — B — B), (3.35)
(p1 —q2)(q1 — p2)

where & = p;xi + p?xa + px3 + constant, and & = g;x1 + g7x2 + ¢’x3 +
constant. By introducing phase factors §; and 6; defined by

exp(&; — £)) = g CR —& -3, (3.36)
L J
and making the replacements
E+8 — &, & +8— &, (3.37)

T may be rewritten as

=1+ exp(§1 — &1) + exp(&r — &)
P1 —(q1 P2 —q2
+anexp(€) — & + & — &), (3.38)
where
(p1—p2)(q1 — q2)
12

- (p1—4q2)(q1 — p2)(p1 — q)(p2 — q2)

This expression for 7o may be written as the determinant of a 2 x 2 matrix,

1 ~ ~
1+ exp(é1 — &1) exp(§1 — &2)
P1—4q1

P1—4q2
. (3.39)

exp(&, — &)

S
Il

exp(é, — &) 1+
P2 — {41 P2 —q2
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that is, as
X ~
) =det(a;j)1<i, j<2, aij =i} +/ exp(§; — &) dx, (3.40)

where x = xj.

Remark
We choose the lower limit in the above integral to be x = %00 (the value of x
such that the function exp(&; — g,-) is equal to zero), but this is not an essential
restriction. As can be seen later, the 7-function with the Kronecker delta §;; re-
placed by any constant matrix ¢;; also solves the bilinear KP equation. Hence,
we may choose the lower limit of the integral arbitrarily. (]

Noting that the functions exp(&;) and exp(—é\j) satisfy the linear differential
equations
n
exp§j = ——-expé;,
0% 0x . (3.41)

—~ 0 —~
exp(—§)) = (="' exp(—E)),

0xy,

respectively, one might expect that the N x N determinant expression
Ty = det(aij)1<i, j<N, (3.42a)
X
ajj = cjj +/ figjdx, «¢;; = constant, (3.42b)

with f; and g; satisfying

D a"

Efi=ﬁfi i=12,...,N), (3.42¢)
8 1 a?’l
—gi=(=D"" i i=1,2,...,N), 3.42d
s (=D oy 8 ( ) ( )

is the N -soliton solution 7y for the KP bilinear equation [44].

Remark
A grammian G = det(g;;)1<;, j<n is the determinant of a matrix with entries

b



3.2 The KP equation 123

Because of the similarity between the above and the expression for 7y, here-
after we also refer to the expression for Ty as a grammian. U

In order to prove that this ty satisfies the bilinear equation

(Dt —4D D3 +3D3)t -t
= 2[TyxxxT — 4Typx Ty + 3;3)( — A(Tisx T — TayTy)
+ (T T — )]
= 2[(Toxxxr — 4Tzx + 3Tup0,)T — A(Taxr — Tay) Ty
+ 3(Txx — T (Tax + Twy)]
=0, (3.44)

let us determine the derivatives of the determinant ty . It is expressed by means
of a pfaffian as

ww=(1,2,...,N,N* ... 2% 1%), (3.45)

where (i, j*) = ¢;; + [ figj dx, ¢;; = constant and (i, j) = (i*, j*) = 0.
Next let us introduce pfaffian entries

n

) d
(dnaj*)Z—gja (dm’d;lk):07

ax"
p (3.46)
(D) = o fir (dni) = (dy,i") =0,
form,n=0,1,2,3,... .Interms of these, derivatives of the elements a;; =

(i, j*) are given by

0 .
aal‘] = .flgj = (d07d8<9l’ j*)’

9 X
a_xzaij :/ (fixxgj - fl'gjxx)dx

= fi.\‘gj - figjx
= —(dy, d}. i, j*) + (do. dF. i, j*), (347)

3 x
—ajj :/ (fixxxgj + figjx”)dx
0x3

= fixxgj - fixgjx + figjxx
= (dy, dy, i, j*) — (d1,d}, i, j*) + (do, d5, i, j*).
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Therefore, from the results in Section 2.11, we have

3
TN (o, d 1,2, N N, ..., 2% 19,
dx
Pty 9D

SN _ (o, dE 1,2, N, N*, . 25 1F
9x2 Z)x(o )

= (dy.df. 1,2, ... N, N* ... 2" 1%)
+ (d07dik71a23"'1N9N*7"'72*71*)1
37,'1\/

0
— =—(1,2,...,N,N*, ..., 2%, 19
0x2 0x2

=—(d,d;, 1,2,...,N,N*, ..., 2% 19
+ (do,df,1,2,...,N,N*, ..., 2%, 1%),
oty

]
— =—(1,2,...,N,N*, ..., 2%, 1%
3X3 BX3

= (da.d},1,2,...,N,N*, ... 2", 1%)
—(d.dF 1,2,... N, N*, ..., 2% 1%)

+ (do,d5, 1,2,...,N,N* ..., 2% 1%),
Py 9
ax3 ax
+(do,df,1,2,...,N,N*, ..., 2% 1%)]

= (do,d’, 1,2,...,N,N*, ..., 2" 1%)
+ 2(dy,df, 1,2,...,N,N*, ..., 2% 1%)

+ (d07dik71729'-~1N9N*7~'-72*71*)7

[(di.d}.1,2,...,N,N*, ..., 25 1%)

347,'1\/
x4

B]
=8—[(d2,d(’§,1,2,...,N,N*,...,2*,1*)
X

+2(dy, df, 1,2,..., N, N*, ..., 2% 1%)
+(do,d3, 1,2,...,N,N*, ..., 25, 19]
= (d3,dg,1,2,...,N,N*, ..., 25 1%)
+3(da, df, 1,2,...,N,N*, ..., 2", 1%)
+2(do, dg, d1,d}, 1,2, ..., N,N*, ..., 2% 1%)
+3(d1,d5,1,2,...,N,N*, ..., 2% 1%)
+ (do, d§, 1,2, ..., N, N*, ..., 2% 1%),
921y ]
0x0x3 ax
—(d1,df, 1,2,..., N, N*, ... 2% 1%)
+(do,d3, 1,2,...,N,N*, ..., 25, 19]

[(dr.d}.1,2,...,N,N*, ..., 25 1%)
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= (d3.di.1,2,... N N* ... 2" 1%)
— (o, di.dy.d¥. 1,2, ... N, N*, ..., 2" 1%)
+(do.di 1,2, .. N N¥, ... 2% 1%),
822" L S T Y O S
0x; 0x2
+(do.df, 1,2,...,N,N*, ..., 25, 1%]
= (d3.di. 1,2, ... N N*, ... 2" 1%)
—(dy.d} 1,2, N N*, ... 2% 1%
—2(do. di.dy. d 1,2, ... N, N¥, ... 25 1%)
—(d1,di 1,2, NN, L 28 1)
+ (do,d¥ 1,2, ... N.N*, ... 2, 1%).

From the above calculations we obtain, for T = 1y,

T = (o),

Te = (do, g, ®),
Tox — Ty, = —2(dg, d, @),
Tex + T, = 2(do, df , @),
Toxx — Toy = 3(d1, df, @),

Txxxx — 4TX3X + 377)52)(2 = 12(dp, d()ka dy, dik9 o),

(3.48)

where we have used the abbreviated notation e for the list of indices
1,2,...,N,N* ..., 2% 1* common to each pfaffian.
Let us rewrite the above results in terms of Maya diagrams:

dy df 4y df

Ty = o110 s
Tyx — Ty, = —2 OO0 ,

Tyx + Ty, = 21 O O |,

Txxx — Txz = 3 OO0,

Txxxx _4TX3X + 3Tx2x2 =12/0]0|0O|0O
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Therefore, the bilinear KP equation,

(D} —4D\D3 + 3Dt - T

= 2[(Txxxx — 4TX3,x + 3Tx2,x2)77 — 4(Tyexx — Txg)fx

+ 3 (fxx - txz)(fxx + sz)]
=0,

is expressed by means of Maya diagrams as

(3.49)

dy dy dp o df d 4§ 4 d}
OO0 |0 |x
= 0|0 x ORN®)
+| O O | x O |0
This is nothing but the Jacobi identity for determinants and also a special case
of the pfaffian identity
dy df 4y df dy df 4y df
OO0 |0 |x
= 1O0]|0O X OO
-10 O x O O
+1 O O x ORNG)

Hence, T = ty is a solution to the KP equation.

Remark
The second term on the right-hand side of the above equation is

dy df 4y df dy df 4 df

O O x O O

=(do,d1,1,2,... ,N,N*, ... 2% 1%
X(dg,dik,l,Z,... SN N 2% 1.
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However, the number of indices with and without superscript * in each pfaffian
are not equal. Therefore, by virtue of the relations

i, j)=@"j5 =0, (dn, 1) = (dy, j) =0, (3.50)

each of these pfaffians is zero. g

3.3 The BKP equation: pfaffian solutions

Among equations shown to possess N-soliton solutions in Section 1.8, the
following pairs of equations have the same nonlinearity and dispersion. The
only differences are in the coefficients of their nonlinear terms.

e Lax’s fifth-order KdV equation (1.252)

w4+ 10(0 + 31l + uny) |+ trreex =0, (3.51a)
u =2(log f)xx, (3.51b)
[D+(Dy + D3) = $Dy(Dy + D] f - f =0, 3.51c)

where f satisfies simultaneously the bilinear equation involving auxiliary
variable s

D.(Ds+ D> f-f=0. (3.52)

e Sawada—Kotera equation (1.254)

e+ 153 + utty)y + thyxrxr =0, (3.53a)
u = 2(log f)xx, (3.53b)
D (D, +D3)f-f=0. (3.53¢)

e Model equations for shallow water waves

o0
(i) Up — Uyer — dun, + 2uy / u, dx’ +u, =0, (3.54a)
X
u =2(log f)xx, (3.54b)
[D.(D; — DD} + Dy) + 3D,(Ds + D)) f - f =0, (3.54¢)

where f also satisfies

D (Ds+D)f-f=0; (3.55)
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o0
(i1) U — Uyyr — 3ully + 3uy / u; dx’ +u, =0, (3.56a)
X
u =2(og f)xx, (3.56b)
D (D; — D,D>*+D,)f - f =0. (3.56¢)

Soliton solutions for (3.51) and (3.54) were discovered by an inverse scat-
tering method [45]. To the best of the author’s knowledge, however, those for
(3.53) and (3.56) were not found by such a method. Rather, they were found
by the direct method. In fact, (3.53) and (3.56) belong to the class of BKP-
type equations, and the most suitable expressions for their soliton solutions are
pfaffians [31].

Remarks

(1) The KP equation is associated with an A-type group and the BKP equation
with a B-type group. The BKP equation was given this name because it is
a B-type KP equation.

(2) In order to find soliton solutions for BKP-type equations by the inverse
method, it is necessary to change the structure of the Gel’fand—Levitan
integral equation because the solutions are expressed not as determinants
but as pfaffians [46]. ([

In this section, we will express the soliton solutions of the BKP equation in
terms of a pfaffian, and we will show that the bilinear BKP equation is equiv-
alent to a pfaffian identity. The class of BKP-type equations (BKP hierarchy)
includes

[(D3 — D))D_ +3D7]r -7 =0, (3.57a)
(D% —5D3D3 — 5D3 +9DDs)t -7 =0, (3.57b)
Remark

The first of this class, (3.57a), is transformed through the dependent variable
transformation,

w = 2(log 1)y, (3.58)
into the nonlinear partial differential equation
Wyt — Wxxxy — 3(wxwy)x + 3wy, =0, (3.59)

where we have put x; =x,x_1 =y, x3 = 1. O
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In order to investigate the solution of (3.57a), let us consider its two-soliton
expression

7 = 1+ exp(n1) +exp(n2) + b2 exp(n1 + n2). (3.60)

In a similar way to the KP equation, if we introduce parameters p; and g; we
may rewrite exp(n;) as

exp(n;) = exp(& + &),
& = p'x_1 + pixi + plas + pixs + &0, (3.61)

E=q %1+ i1 + g+ gdxs +E,

and the dispersion relation is automatically satisfied. Also, the phase shift term
b1y is given by

_(p1 = p2)(p1 = q2)(q1 — p2)(q1 — q2)

= . (3.62)
(p1 + p2)(p1 + q2)(q1 + p2)(q1 + q2)
If we put b;; = exp(B;;), the N-soliton solution is expressed as
N (N)
W = ZGXP Zumi + Z Bijuipj |, (3.63)
i=1 i<j

where ) denotes the summation over all possible combinations of u; =
0,1, up=0,1,..., uy =0,1, and ng is the sum over all pairs i, j
(i < j) chosen from {1,2,...,N}.

The N -soliton solution Ty can also be expressed as the Nth-order pfaffian,

w=(1,2,3,...,2N), (3.64)
where (i, j) = ¢;j +fx D, fi(x)- fj(x)dx (x=x1) and f;(x) for i =
1,2, 3, ... satisfy the linear differential equations

ad "
fikx) = fix) (m=-1,1,3,5,...). (3.65)
0xy, ax"
For n = —1 this means that
8 X
—filx) = / fi(x) dx. (3.66)
0xX_1
We also note that ¢;; = —cj;.
Remarks

(1) An N-soliton solution is a solution with 3N parameters p;, g;, f;‘l.o fori =
1,2,..., N.Since ty is expressed as a pfaffian containing functions f; (x)
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with arbitrary parameters, it represents other solutions as well as soliton
solutions.

(2) We choose a lower limit of the above integral to be x = *oo (the value
x such that the value of an integrand is equal to zero), but this is not an
essential restriction. The result is the same for any choice of the lower
limit.

(3) Using integration by parts, each pfaffian entry (i, j) is

(Aj>=cu+1/'DLﬂ-ﬁwu

=cij+2 if] dx — fifj- (3.67)

Therefore, from the relation (2.92) between a pfaffian and a determinant,
the square of the N -soliton solution Ty can be written as the determinant

a
cij+2/ ifjd)c

This determinant is nothing but the grammian solution of the KP equation,
tkp. Hence, we have

2

- (3.68)

1<i,j<2N

TKP = Tgp- (3.69)

(4) By choosing cip=cu=1, cz=cy=cn=cu=0, fi=expé,
fr =exp 51, fz =expé&r and f1 = exp 52, the two-soliton solution is

n=(1,2)3,4) - (1,3)(2,4) +(1,4)(2,3)

1 —4d1 -~ 2 — {2 -~
=P+3—ﬁww®+aﬂb+p qew@+&ﬂ
P11+ qi P2+ q

1— P2 1—q2 ~ ~
~ PP i+ ) x L exp @ + B
P11+ p2 q1+q2
P1—q2 -~ q1 — p2 ~
+ exp(§1 + §2) x exp(§1 + &2). (3.70)
r1+4q2 q1 + p2
Putting
Pi —d4i
Ti = & + & + 8;, where exp8; = (3.71)
pi + ‘I1

we may rewrite 7y as

7 = 1+ exp(1) + exp(2) + b2 exp(1 + 172), (3.72)
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which coincides with the two-soliton solution found by the perturbation
method. O

Let us confirm that the pfaffian expression for t satisfies the BKP-type
equation (3.57a),

[(03 —DHD_y + 31)%] r.7=0. (3.73)

This is expressed in terms of normal derivatives as
3 3 0 +332T et3 3 9\ |0t
ax_y \dxz  ax3 9x2 9x_190x2  Ox 0x
9? 3%t IR T
-3 t|l——-||——-—=—=]t|=—=0. (3.74)
ax_19x | 0x? ax3  dx3 Ax_1

From the formula

mp=w+/Rmﬁ@»ﬁumm (3.75)
we obtain
s Ta 7.
5;u»=[aﬁ}n ﬁ[ n}
— (. di, i1 ),

32 af; 9 af; of; 3 f;
= [l S LB
0x_1 ax _18x dx d0x_1 0x_p Ox 0x_10x

il

= (d-1,do, 1, j),
0 | i, 0fidf 8fidf 8%
iy = ., 9fiofj dfiadfj . d
0x3 @) ,/ |:8x38x it dx 0x3  0Xx3 0X /i dx30x

_8ﬁ aW; o | fiofi  ofi 9°f
x3 fi= fl B 9x2 9x  dx 9x?

(d05 d37 i’ ,]) - 2(d19d27 is ,])’
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where we define
an
(dy,i)=—filx) (n=-1,0,1,2,...). (3.76)
ox"

Consequently, the derivatives of Ty,

w=10(1,2,3,...,2N) = (o), (3.77)
are given by
0
“-IN = (dO’ d] ) .)’ (3.783.)
ax
2
_2TN = (dOa d21 .)7 (378b)
0x
83
—— N = (d1,d2, @) + (do, d3, @), (3.78¢)
ox
3
5N =(d_1,d2, )+ (do,d1, ®), (3.78d)
0x_10x
Iy = (d_1, dp, o), (3.78e)
3)(_1
2
v =(d_1,d,e), (3.78f)
0x_10x
0
—— v = (do, d3, @) —2(d1, d2, e), (3.782)
0x3

9 d 9°
s <B—X3 - W) v = —3[(do. d2, ®) + (d_1,dp, d1,da, ®)]. (3.78h)

Substituting the above results into (3.73), we obtain

d_q dy dq dy d_q dy dq dy
OO0 |0 |x
- @) x o]0

OllO]|O]|0O

O] x ORNO) =0,

which is nothing but a pfaffian identity. Therefore, Ty solves the BKP-type
equation (3.57a).
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Through similiar calculations that are a little more complicated, we can
confirm that T also satisfies (3.57b).

3.4 The coupled KP equation
3.4.1 Wronski-type pfaffian solutions

In Section 3.2 we showed two things about the bilinear KP equation
(D} —4DD3+ 3Dt -7 =0. (3.79)

First, if 7 is expressed as a wronskian determinant, it is equivalent to the
Pliicker relation,

N-2 N-1 N N+1 N-2 N-1 N N+1

ORN®; X NN

-10 O X O O

+1 0O O | x ORN®; =0,

and, secondly, if T is expressed as a grammian determinant, it is equivalent to
the Jacobi identity

dg do* dy dy* dy do* dq dy*
O|O0|O]0O|x
= [O0]0O x ONNE)
+| O O x o]0

Both the Pliicker relation and the Jacobi identity are special cases of the pfaf-
fian identity

OllO|IO||O
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Since a determinant is a special case of a pfaffian, it may be possible to ob-
tain new soliton equations, including the KP equation as a special case, by
extending the expression of the t-function as a determinant to a more general
pfaffian. Let us pursue this possibility.

First, consider a pfaffian with entries (/, m) satisfying the differential rules
with respect to the variables xp, x2, .. .:

d

(U,m)y=0U+nm)+ I, m+n). (3.80)

Xn

We call this a Wronski-type pfaffian.
Various examples of Wronski-type pfaffians may be considered. Among
them, we consider one with the entries

M
my =Y [olw - oMwl]. (3.81)
k=1

where M is an arbitrary natural number and <I>,((l) and \IJ,E/) stand for the /th
derivatives with respect to x (= x1) of functions ®; and W; satisfying

0
0xy,

w 0 ()
o = 0", E\pk =y (3.82)

Under the above assumption, we see that

M
ad
g (= D Lo — o
k=1
+ qD]((l)\I’]Enl+’z) _ d)]((m)‘ylgl-i'")]
={U+nm)+ U, m+n). (3.83)

As we have done previously, we will investigate the differential rules for this
pfaffian using the pfaffian expansion formula. In the simplest case, we have

0
(io, i1,12,i3)= [Go, i1)(i2, i3)—(io, i2) (i1, i3)+ (o, i3) (i1, i2)]

0x, 0xy,
= (io + n, i1)(i2, i3) — (io + n, i2) (i1, i3)
+ (o +n,i3)(1, i2) + (o, i1 + n) (2, i3)
— (lo, iz + n)(i1, i3) + (o, i3 + n) (i1, i2)
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+ (fo, i) (G2 + n,i3) — (o, 2) ({1 + n,i3)

+ (0, 13) ({1 + n, i2) + (o, (1) (i2, i3 + n)

— (o, i2) (1, i3 + n) + (o, i3) (i1, 2 + 1)
= (io +n, i1, i2,13) + (io, i1 +n, 02, i3)

+ (o, i1, i2 + n, i3) + (o, i1, i2, i3 + n).

From this, we see that the differential rule for the Wronski-type pfaffian W =
(io, i1, ..., i2N—1), Where the superscript W stands for wronskian, is

9 2N—1
ox, (0, i1, ..., IaN—1) = Z G0, ity ... ig+n,...,0aN=1).
k=0
(3.84)
On the other hand, if we introduce a wronskian defined by
[r(0),r (1), r(2),...,r2N = 1)|
ri0) ri() ... r@2N-1)
n0) r() ... 2N -1)
= ) ) ) , (3.85)
raNO0) ranv(1) ... rNQ2N —=1)
where r;(n) is given by
" "
rj(n) = W”(O)’ er(m) =r;j(m+n), (3.86)

then the differential rule is, as is well known, given by

0

Xy,

[r (o), r (1), ..., rGan=1)|

2N—-1
= Z (o), r(1), ..., r(x +n),...,r((an=1)] (3.87)
k=0

This has exactly the same form as the differential rule for the pfaffian 7. This
is the reason that " is called a Wronski-type pfaffian.
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Substituting the pfaffian V= (0,1,...,2N — 1) into the left-hand side of
the KP equation, we have

2N—-2N-—1 2N 2N+1 2N—-2N—1 2N 2N+1

(D} —4D1D3+3D) TV V=24 | [o]o]| | | x| | [o]o]

-lo] o] |x| |o] |o]

through the same calculation performed in the case of the wronskian solution
of the KP equation. By employing a pfaffian identity, the right-hand side of the
above equation is written as

2N—-2 2N—-1 2N 2N+l 2N-2 2N—-1 2N 2N+1

2410|1010 |0 x =245V W,

W

We remark that we have o =W = 0 if t is a wronskian.

The pfaffians oWV, 5V introduced here,

oV =(0,1,2,...,2N - 3),

w (3.88)
eV =(0,1,2,...,2N,2N + 1),

have order which are two less and two more, respectively, than that of 7. Taking
this fact into account and searching for a pfaffian identity involving oW and ,
we obtain the Maya diagram expression

olx|o|o|o
- o| |x|o|lo] |o
+| |O x|o| |o|o
-lo x| |o|o|o|=0

This identity is equivalent to the bilinear equation

(D3 4+2D3 +3D1D2)a™ -V =0. (3.89)
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Following the same procedure, we obtain a bilinear equation involving & and

‘L'WZ

(D3} +2D3 —3D1Dy)gY -V = 0. (3.90)

Remark
These two bilinear equations have the same form as the second modified KP
equation introduced by Jimbo and Miwa. However, oV and tV in the sec-
ond modified KP equation are expressed in determinantal form, not in pfaffian
form. O

Let us summarize the above results. If we define pfaffians V, oW, W by
™V=(0,1,...,.2N - 1),
oV =(,1,2,...,2N —3), (3.91)
sV'=(0,1,2,....,2N,2N + 1),
where
0
E(Z,m) ={+nm)+{,m+n),
we have the coupled bilinear equations,
(D} — 4D D3 +3D5) TV -tV =246V WV,
(D3 +2D3 +3D1Dy)oV -tV =0, (3.92)
(D} +2D3 —3D D)5V -tV = 0.
Through the dependent variable transformations
u=20ogt Ve, v=0"/V, 7=5V/V, (3.93)
the bilinear equations are equivalent to the coupled nonlinear partial differen-

tial equations

(Auy — Ouny — yxx)x — 3uyy + 24(v0),x =0,
X
2v; +3uvx+vxxx+3<vxy+v/ uy dx> =0, (3.94)
X
200 + 3uDy + Doy — 3 (@y +ﬁf u, dx) o,

where x = x1, y = x3, t = x3, which we call the coupled KP equation.
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Remarks
(1) Putting r = 2T, v = 0 = (—b/12)/?¢ and omitting the y-dependence in
the above system, we have

1
ur — E(”.\‘xx + 6uuy) = 2bgoy,

o1 + yxx +3ugpy =0.

This system is called the coupled KdV equation [47] and is a specialized
version of a 4-reduction of the KP hierarchy. In fact it is associated with
the Kac—Moody algebra C ;4) [15]. Therefore, the system (3.94) may also
be thought of as a two-dimensional version of the coupled KdV equation.
This is why we called (3.94) the coupled KP equation.

(2) The group acting on the coupled KP equation is completely unknown
(the author believes that it should also be associated with a Kac—Moody
algebra). From the standpoint of group theory, the A-type group acting
on the KP equation is the most general, and we consider that the group
acting on the BKP equation is a specialization. However, this idea is not
consistent with the author’s viewpoint that pfaffians are more general than
determinants. Hence, we have avoided a discussion of soliton equations
from a group theoretical viewpoint.

(3) For arbitrary natural numbers M, N, let us consider the pfaffians

V=, by ... by,0,1,... N — 1),
O’WE(bl,bz,...,bM,O,1,...,N—3), (396)
eV = (b1.by. ... by, 0,1,... N+ 1),

(3.95)

1

where
0
—(U,m)y=(U+n,m)+ {,m+ n),
0xy,
8[
(bi,bj)) =0, (b;,]) = W(pi,
0 b = a" "
ax, = oxn "

forl,m=0,1,..., N+ 1,i,j=1,2,...,Mandn =1,2,3,... .Inthe
case M = N, tV gives an nth-order wronskian and therefore a solution of
the KP equation. Otherwise, if M > N, we have W =0,andif M < N,

! Translators’ note: It has since been realized that the coupled KP equation is associated with the
affine Lie algebra Do. See ref. [9], p. 976.
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WV is a hybrid solution in which solutions of the KP equation and of the

BKP equation coexist. g

3.4.2 Gramm-type pfaffian solutions

We have seen that the KP equation has solutions expressed in wronskian and
in grammian form. In a simliar way, the coupled KP equation,

(D} —4D\D;3 +3D3)t - T = 2450, (3.97a)
(D3 +2D3 +3DDy)o -7 =0, (3.97b)
(D} +2D3 —3D1D2)G -7 =0, (3.97¢)
has solutions that can be expressed as Wronski-type pfaffians ¢V, oW, 5" and

as Gramm-type pfaffians 9, 09, 5O [48]. The latter are

9 =(1,2,...,2N),
0% =(c1,c0,1,2,...,2N), (3.98)
59 = (do,dy1, 1,2,...,2N),

where the different types of pfaffian entries are defined by

X
(i,j)ECij+f (figj — fjg) dx, «cij = —cji,

9"

D) == ] (3.99)
n

(cn, i) = ﬁgi,

(dm, dn) = (Cm, cp) = (Cm, dp) = 0.

In the above definition of (i, j), the lower limit of integration is chosen so that
the functions f;, g; and their derivatives are zero. As in other similar cases,
this is not an essential restriction; constants coming from the lower limit can
be transferred into the term c¢;;. We also see that f;, g; (i =1,2,...,2N)
satisfy the differential equations

0 9"
fi

dxn T an

ad a
o= (=1 n—1
9%, g =D Fye

fis (3.100)

n

g (m=1,2,3,...).
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Using the formulae

a . .
a_x(”) = fig; — fig

= (co, do, I, J),
_( )= %g] ﬁ&—%gzﬁ-fj%
= (co,d1,1, ) = (c1,do, i, J),
+ﬁ8& ﬂ%%

= (co, dz, 1, j) — (c1,d1,1, j) + (c2,do, i, ]),

and the same procedures as for the KP equation, we obtain expressions for the
derivatives of 70 and ¢'©:

o dy dq

9 = R

=100 :

o —To = 2 OO :
o410 =20 O,

T — To = 3 ool

0 —4tS, +3t5,=12/0 |0 |0 |O|.
o°=-10|0 :

of=~0 ol |
oi+oi=-2 |O|O]| |

oo +200 +300, =600 |0 |O|,
xn—i—Zr +3rx2x_ 6 OO
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We have omitted the indices {1, 2, ..., 2N} which are common to every pfaf-
fian. Therefore, the coupled KP equation (3.97a,b),

)t8 — 4(rG

XXX

418 430

G,\..G
(Txxxx — Tlxx X2X) - Ix3)tx
G G G Gy __ G~G
+ 3t — T ) (T + 7)) = 120707,
G G G G G G,\..G
(0o + 2ax3 + 30x2x)t —3(o + ze)rx

+300 (8 — o) — 0% (ta, + 210 +310) =0,

Xxx X2 X

may be expressed in terms of Maya diagrams as

ofololol«[ T T T
- O|lO0[x|0O]0O
- O|0O x 1O O
=—|0O O x O O |
o o o d w0 a e d
-1O|O|O|O|x
+ ORN®) x| O O
-10 O x O O
+ OO X O|O|=0.

These are simply pfaffian identities. Equation (3.97c) is obtained by inter-
changing ¢ and d in the above equation. Hence, a soliton solution of the cou-
pled KP equation is given by 79, 69 and 5.

Remarks
(1) The Gramm-type pfaffian 7¢ may be transformed into a solution of the
BKP hierarchy:
[(D3 — D)D_; +3D}lt - T =0,
[D§ — 5D{D3 — 5D3 + 9D Ds]t - 7 = 0, (3.101)
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In this case, choosing functions f;, g; to be

0
fi=—%¢i, g =, (3.102)
0x
we have
X
i, Jj)=cij +/ D,¢; - ¢; dx, (3.103)

which coincides with the (i, j) entry of the pfaffian solution of the BKP
hierarchy.

(2) In order to obtain a solution of the KP hierarchy, we choose functions f;
satisfying (3.100) and

g=00<i<M), ¢;=0(<i<j<M) (3.104)
for an arbitrary natural number M. Then we have
0 (I=i<j=M)

x 3.105
c,-,»+/fig,-dx(lgigM,MnggzN). (3.105)

(i, )) =

If@O)M=N,79=(1,2,...,N,N+1,...,2N) givesan N x N gram-
mian,

19 = det(m;j)1<i<j<N. (3.106)
X
mjj = Ci2N+1—j +/ figan+1—j dx,

which gives the grammian solution of the KP equation. If (ii) M > N, we
have 0 = 0, and otherwise (iii) M < N, we have a hybrid mode solu-
tion in which the solution of the KP equation and that of the coupled KP
equation coexist. (I

3.5 The two-dimensional Toda lattice equation

3.5.1 Wronskian solutions
The two-dimensional Toda lattice equation is the system
0% Qn
dsdx
Qn = log(1 + Vp), (3.108)

=Vyr1 =2V + Vp_1, (3.107)
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wheren =...,—1,0,1,... . Through the dependent variable transformation
2
V, = log(ty), (3.109)
dsox

(3.107) may be integrated with respect to x and s to obtain
2

050X

log(z) = “H5t, (3.110)

n

1+

where we have set constants of integration equal to zero. Expanding the deriva-
tive of log(t,) and clearing fractions, we obtain the bilinear equation

927, 0T, 0T,
T, — — ——
050X ds dx

which is written in terms of D-operators as

= Ty Tyoy — T2, (3.111)

Dy DsTy - Ty = 2(Tps1Tao1 — T,). (3.112)
Remark
The one-dimensional Toda lattice equation is given by
82
O Vit = 2V 4 Vi, (3.113)
a2
0, = log(1+Vy). 3.114)

The system that is nowadays referred to as the two-dimensional Toda lattice
is obtained by considering a two-dimensional version of the term 8%Q, /31>
on the left-hand side of (3.113). In physical terms, a two-dimensional Toda
equation should be obtained by considering a two-dimensional version of the
force term on the right-hand side. However, up to now we have found an N-
soliton only for the system (3.107), (3.108). This is why we call this system
the two-dimensional Toda lattice. 0

The N -soliton solution for (3.112) is expressed as a wronskian [49]

é1(n)  Hn+1) - p(n+N-—-1)
$(n) o+l - ppn+N-1)
Tn = . . . s (3.115)
on(m) oy(n+1) - dN(n+N-—1)
where each ¢; (n) satisfies the differential equations
0in) _ di(n+ 1), 0in) _ —¢i(n —1). (3.116)

0x as
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Remark
The above determinant is simply the N x N Casorati determinant appearing
in the theory of linear difference equations. (]

Let us now prove that 7, given by (3.116) satisfies (3.112). As in the KP
equation case, we express T, in terms of a Maya diagram,

-1 0 1 N-3 N-2 N-1 N

T = OO0 |0O0|0O

Its derivatives may also be expressed in terms of Maya diagrams as

s =—| O ©) 0|0 |0O ;

Tnx = OO0 o0 Ol

Tntl = ©) OO0 0],

1= |O]0|0O OO0 ;

Tnas = —| O O o0 O
- OO0 0|0 |0O

Substituting the above results into the bilinear equation

921, T, 0Ty

2
Th— 757 = W+lTh—1 — Ty (3.117)
dsdx ds dx
gives the Maya diagram expression
-1 0 1 N-3 N-2 N—-1 N -1 0 1 N-3 N-2 N—-1 N

-[o] Jo[-Jofo] Jo|x| [oJo[-[ofolo] |
+[o] Jo|-[ojofo] |x[ |ofo|-[o]o] |o]
=_| [o]~]olo]olo]x[o]o]o]-]oo] | |

Omitting boxes 1,2,..., N — 2, which contain particles in all of the above
terms, gives
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-10 O | x o0
+1 O O x O O
= O|O|x10O0]0O

This is simply the Pliicker relation for determinants, and therefore is automat-
ically satisfied.

3.5.2 Grammian solutions

The two-dimensional Toda lattice equation in bilinear form,

927, 0T, 0T, 5
_ % O _ I 3.118
seax ™ By Bx n+1Tn—1 — Tp ( )

has a solution t, expressed as a grammian [50]:

(3.119)

T =

X
cij + (=) / fi(")gﬁ_") dx

E_") satisfy the linear differential equations

In the above equation, each fl.(" ), g

(=n)

()
af;" _f(n+k) dg; (—yk—1 g nth)
0Xy i ’ Xy - 8i ’
(n) (n)
df; K 98 —n—k
TR el R

Xx1=x,s1=s5, k=1,2,...,

where ¢;; is constant and we write (—1)" as (—)" for short.

Remarks

(1) The superscript (n) in fi(") denotes the nth derivative (or —nth antideriva-
tive if n < 0) with respect to x.

(2) In (3.119), 1, is exactly the same as the grammian expression for the so-
lution of the KP equation apart from the factor (—)”. This factor is not
important for solutions of the two-dimensional Toda lattice equation, but
is necessary to discuss the connection with the BKP solution. 0
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Let us express 1, by means of a pfaffian:
Tw=01,2,... ,N,N* ... 2% 1%),,
i, ) = cij + ()" fx £ dx,
(i, on = (", jIn = 0.

The derivatives with respect to x and s and shifts in n of the pfaffian entry
(i, j*), are as follows:

9 .. _

5(17]*);1 — (_)nfl(n)gﬁ n)
:(dfl’hd:»i’ .]*)I’h

9 .. 1 p(n=1) (=n—

(i = () gD

- (df”*l’d;lk—l’ivj*)n,
2
(l ])n—( )n l[f(n) ( n— 1)+f(n 1) ( n)]

= (d—n—lv na i ] )ﬂ - (d—ﬂv d:;_l’ I j*)ﬂv
X
(i, j*)n—H =¢jj 4 (_)}’l-‘rl/ fi(n+l)g§—n—l) dx
X
= cij + ()" / 785" dr 4 (g Y
= (la j*)n + (dfl1717 d:;v i’ J*)m

X

— (= )n/ O™ dy 4 ()11 FOD g
= J )n_(d—n7d:,<_1alyj*)ny
where

<d_n, ) = (- )” o,
(d_n,d:)zw_n,dn) (@*,,d" =0.
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As aresult, rewriting 7, = (...),, we obtain

a
e = (o d
d *
g()n = (d-p-1, dnfls --~)n7
82

axas("‘) =(d-pn-t1.dy, .. n—(dp,d_ 1, .. )

+ (d—ﬂ—lsd:_]ad—nvd;:v "')
Tl = (. n + (dop1, dns oo s
Tu—1 = (.. )n — (d—p, d;lkfl, N PR

By employing the above equations, the two-dimensional Toda lattice equation
in bilinear form,

921, T, 0Ty

2
ml’n - ga = Tp+1Th—1 — T (3.121)

is expressed by means of Maya diagrams as

-101O0|O|0O]|x
=00 x o0
+/ O O | x ORNO) ,

which shows that 7, satisfies the bilinear equation (3.121).
Next, we discuss the BKP version of the grammian t,,. We note that

T, = det((mij)n), (3.122)
X
(mij)n = cij +/ fi(")g;_”) dx
solves the KP equation if n = 0. We here assume that f;, g; satisfy
a
g =-2—1/i, (3.123)
ax

where x = x.
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Then, if ¢;; = —cj;, each entry in 7,
(mijn = cij = (=)"2 f A ar, (3.124)
satisfies the relation
(mij)1—n = —(mjj)n. (3.125)
Hence, we have
T = ()", (3.126)
where N is the size of the determinant. In the terminology of Jimbo and

Miwa [15], this is the BKP version of t,,. This is because (m;;)o can be written
as

(mij)o = cij +/ Dyfi- fjdx = fifj (3.127)

after integration by parts. Employing the relation (2.92), that is

ai —yiyr a2 —y1y2 -+ Qin — Y1Yn
azr — y2y1r a2 — y2y2 -+ axp — Y2¥n
@31 — Y3yl a3 = Y32 ccc 30— Y3Vn| = (1,2,---,n)>,
anl — YnY1 Q12 — YnY2 - Qun — YnYn

where (i, j) = a;; and n is even, we have

0 = Thgp- (3.128)

Remark
The linear differential equations (3.120), satisfied by f; and g, are compatible
with the relation

9
gj = _Zafj (x =x1) (3.129)

only when £ is odd. Therefore, we must freeze the dependence on x; and si
when £ is even. There is no problem in doing this because the BKP equation is
written only in terms of odd index variables. (I
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3.6 The two-dimensional Toda molecule equation

3.6.1 Bi-directional wronskian solutions

The two-dimensional Toda molecule equation is written as

920n
3)(8)7 = Vn+1 —2Vy + Vi, (3.130)
0Oy =log(Vy). (3.131)

We note that it has the same form as the Toda lattice equation except that for
the Toda lattice equation

On =log(1 + Vy). (3.132)

Therefore, if V,, = 0 the lattice equation has @, = 0, whereas the molecule
equation has Q, = —oo. In the Toda molecule equation (3.130), (3.131), the
independent variable n takes values n = 1,2, ..., N and its boundary condi-
tion is given by

Vo= Vyy1 =0. (3.133)

This difference in the boundary conditions affects the structure of its solutions.
Through the same dependent variable transformation,

2

0x0dy

Vi = log(ty,), (3.134)

(3.130) can be integrated with respect to x and y to give
2

dxady

log(ty) = ”i% (3.135)

n

where the constant of integration has been set equal to zero. Expanding the
derivatives and clearing fractions, we obtain the bilinear form,

921, 91, 91,

_ 0 0T _ . 3.136
axayfn ax 9y Tn4+1Tn—1 ( )

or, equivalently,

DyDyTy - Ty = 2Ty 1 Tyt (3.137)
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Employing (3.135), we have
2

0xady
_ Tn41Tn—1
2

Vi

log(ty,)

(3.138)

By virtue of (3.134), the boundary conditions Vo = V4 = 0 are satisfied
by choosing

=1 vy = @)X (), (3.139)

where @ (x) and x (y) are arbitrary functions in x and y, respectively. We use
the convention

1.1=0, tNy2=0 (3.140)

so that (3.138) is satisfied forn = 0andn = N + 1.
The solution 7, of the bilinear equation is expressed by means of an n x n
wronskian [51],

70 =1,

9\~ /9 \J!
<a> (5) e y)

where W (x, y) is, for now, an arbitrary function of x, y and the natural number

T =

, (3.141)

I<i,j<n

n is not only the position in the Toda molecule, but also the degree of the
wronskian. The above determinant is a wronskian in both the rows and the
columns and is called a bi-directional wronskian. Explicit forms of the first
few of the 7, are given by

71 = Yoo,
Yoo  Wor
T = s (3.142)
“1’10 Wiy
Yoo Wor Wo2
3= |V o Y11 VYo,
Wy Wy Voo

where we have adopted the notation

= () (2) w 3.143
() (Y v
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Let us confirm that the bilinear equation (3.136) holds in the cases n = 1
and n = 2. If n = 1, the bilinear equation

T1,xyT1 — T1,xTl,y = 1270 (3.144)

is

Woo Woi
V1Yo — Y0¥ =‘ . (3.145)
11 10%o1 Wy Wiy
If n = 2, the bilinear equation
T2,xyT2 — T2,xT2,y = T3T] (3.146)
is
Yoo Woz| [Woo Wor| ‘%0 Yor| [Woo Yoz
W0 Wl |Wi0 Wi Wy Wor| W10 Y12
Yoo Yo Yoz
= |10 Y11 Yi2| Yoo (3.147)
Wy W21 Y

In order to prove that 7, given by (3.141) solves the bilinear equation
(3.136), we introduce (n +1) x (n+ 1), n x nand (n — 1) x (n — 1) deter-

minants D, D l. and D b :
J k [

g\l /g \/!
o)1 (3) v

D |:l] = determinant obtained by eliminating the ith row and
J

= Ty+1, (3.148a)

I=i,j=n+1

jth column of D, (3.148b)

D [Il( ; ] = determinant obtained by eliminating the ith and

jth rows and the kth and /th columns of D. (3.148¢)

Using the above notation, we have

n—+1
T, =D |:n i 1] , (3.149a)

n n+1
1= .14
Tn—1 D|:n n—l—l]’ (3.149Db)
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0T, [ n
o _p 14
ox n+ 1]’ (3.145¢)
) _
O _p|nt 1], (3.149d)
dy | n
82 I
“ _pl|"]. (3.149)
0xdy Ln

from which we see that the bilinear equation (3.136) is equivalent to

pl"|Ip|" T -p| " |p|" T =p|" "D 3150
n n+1 n+1 n n n+1
This is simply the Jacobi identity for determinants. Hence, we have verified
that 7, is a solution of (3.136).
The arbitrary function W (x, y) needs to satisfy the boundary condition

N1 = ®(x) x(y). To this end, we introduce arbitrary functions u;(x) and
v;(y) (j=1,2,...,N+1),0f x and y, respectively, and put

N+1
Wx,y) =Y uj(X)v;). (3.151)

j=1

Choosing ¥ (x, y) as above, we have

N\~ /g \J/!
=l = — Y(x,y)
0x ay .
1<i,j<n

N+1 9 i—1 9 k—1
=Z(a) uj(x)<5> uo| (3.152)

Jj=1 1<ik<n

This is equal to the determinant of the product of the n x (N + 1) matrix A,
and the (N + 1) x n matrix B,

Tn = |Ap X By, (3.153)

where

i—1 akfl

(An)ij = axl—'*‘uj(x) (By) jk = oYk

vi(y). (3.154)
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Inthe case n = N + 1, A,, and B,, are square matrices and therefore
™N+1 = |AN+1] X [BN+1]- (3.155)

Since |Any+1] and |By 41| depend only on x and y, respectively, Ty 41 may be
rewritten as

41 = ()X (), (3.156)

which is a boundary condition for 7,,. This verifies that 7, is a solution for the
Toda molecule equation satisfying the boundary condition.

Remarks
(1) Solutions of the Toda molecule equation were first found by Leznov and
Savaliev [52], using a group theoretical approach. This is, however, far
beyond a beginner’s understanding and so we have employed a method
using wronskians.
(2) We note that the two-dimensional Toda molecule equation,

9?0
= Vg1 =2V, + Vi1, (3.157)

0x0dy
On = log(Vy), (3.158)

includes the Liouville equation discussed in Chapter 1 as a special case.
By choosing the boundary condition Vy = V;, = 0, the above equation is
equivalent to

901
axady
= exp(Q1), (3.159)

= -2V

which is simply the Liouville equation.
(3) In Chapter 1 we discussed the two-wave interaction equation,
991 92
—_— =— , — = , 3.160
08 $192 o P19 ( )
which has a form similar to the Liouville equation. In fact, this equation is
generated from the Bécklund transformation of the Toda molecule equa-
tion [53]. O
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3.6.2 Double wronskian solutions

In this section, we consider another expression for the solution of the bilinear
two-dimensional Toda molecule equation,

DDyt -ty = 2Tp41Th—1, (3.161)

where we set the boundary conditions 19 = x (), tv+1 = ®(x). To this end,
we introduce arbitrary functions f;(x) and g;(y) (i = 1,2, ..., M), which de-
pend only on x and y, respectively, and consider the M x M double wron-
skian [54]

© () -1 _© (D (M—n—1)
fl(O) fl(l) fl( ) g%O) g%l) (M—n—1)
f LT e g &
=2 ? 2 2 "2 2 . (3.162)
O L) a-D O O (M—n—1)
M M M 8m M
where
" "
fi(n) — fis gl‘(") — gis
ax" ay"
) o . o (3.163)
—fi=—fi, —8 = —8&
0x, ax" Ay ay”"
fori =1,2,...,M, n=1,2,... .From this, we have
0) (1) (M—-1)
g}0> g%l) (1)
8> 8> 8>
0= ) = x() (3.164)
'0 '1 M.fl
&
and
©) (1) (M—1)
1 1 fl
©) () (M—1)
wm=|> 7 P =00, (3.165)
iO) il) (M—l)
M M M

from which we see that the boundary conditions are automatically satisfied.

X1, X2, X3, ...

Remarks
(1) 7, is also a solution for the KP hierarchy with independent variables

or ¥yi, Y2, Y3, ... -
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(2) The two-dimensional Toda molecule equation with M = oo appears in a
book by G. Darboux [55]. The 7-function expressed in double wronskian
form can also be observed in this book. This was first noticed by Yoshinori
Kametaka [56]. In this paper, he discussed hypergeometric solutions of the
Toda molecule equation.

(3) Generalization of a double wronskian to a triple wronskian, which is
made from arbitrary functions in independent variables x1, y;, z; given
by f(x1), g(y1), h(z1), yields the six-wave interaction equation (a gener-
alization of the three-wave interaction equation). 0

If we express 7, by means of a Maya diagram,

0 1 n—=2 n—1 n n+1 0 1 M—-—n-2 M—n—-1

=00 |0|0O OO0 ]0O|0O ;

the derivatives of t, and 7,41 are expressed as

0 1 n=2 n—-1 n n+l 0 1 M—-n-2 M—n—1

me=|0]o]~]o] Jo| [o]o|-]ojo] |

my=[0]o]~]o]o] | [o]o]-]o] |o

wa=[ofo]-Jo] | | [oo]~]o]o[o]

E
E
mo=|0]0|-Jo| o] |ojo|-]o| [o| |
E
E

By re-ordering the boxes in the above Maya diagrams, we obtain

n—2 n—1 n n+1
h = .. olololo e 0
M—n-2 M—n—1 M—n M—n+1

Thx = o0 o0 x (—1),

Tny = O|l0|0 O s
Tn,xyz O O O O )
o1 = 0|0|0 @) o (M
Tt = o|0 o O cox (oMl
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By using these Maya diagrams, the bilinear two-dimensional Toda molecule

equation,
TnTn,xy — Tn+1Tn—1 — Tn,yTnx = 0, (3.166)
is rewritten as
n—1 n n—1 n
o0 x OO0
M—n—1 M—n M—n—1 M—n

+ O O | x O|0 =0.

This shows that 7, satisfies the two-dimensional Toda molecule equation.

Remark
The function

M
Wx,y) =Y uj(x)v;(y), (3.167)
j=1
which appears in the bi-directional wronskian in Section 3.6.1, is given by the

ratio of 7| and t¢ [54]:

W(x,y) = :—(1) (3.168)

d
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Backlund transformations
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Dromion.

4.1 What is a Backlund transformation?

A Bicklund transformation is a transformation between a solution u of a given
linear or nonlinear differential equation,

Ly(u, g, ty, Uy, Uy, Uy, .. ) =0,
and another solution v of another differential equation,
Ly(v, vr, vy, Uxx, Vxaxs Uy, .. ) =0,

which may be the same as, or different from, L.
As a simple example, we consider the dispersionless KdV and mKdV equa-
tions,

Uy + uu, =0, “.1)
v + (av® + bv)vy = 0, 4.2)

157
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where a, b are constants. These equations coincide if b =1 and a =0. A
Bicklund transformation between solutions of (4.1) and (4.2) is given by

u = av’ + bv. 4.3)
This is confirmed by taking the ¢-derivative of (4.3) and using (4.2) to obtain
Uy = (@v? + bv), = —(2av + b)(av? + bv)vy = —uu,.

Since (4.2) may be written as
13 1 5
v+ | zav’ + =bv” ) =0, 4.4
3 2 N

v is a conserved density, or, in other words, f v dx is a conserved quantity.

Remarks
(1) In (4.3), u is expressed explicitly in terms of v and is called the Miura
transformation.
(2) If the time derivative of T can be expressed as the space derivative of some
quantity X,

Tt+Xx=0’

then T is called a conserved density. Taking the ¢-derivative of the integral
of T over an interval [a, b], we have

b b
{/ de} :—/ X dx =X (a) — X(b).
a t a

If we impose the boundary condition X (a) = X (), the integral of T over
[a, b] is independent of ¢, and is called a conserved quantity. U

Next, from (4.3), v may be rewritten in terms of u as
1
v=—(=b+ (b* 4 dau)'/?).
2a

Taking b = 1 and the upper sign, the above equation may be expanded for
sufficiently small a as

v~u—au2+2a2u3—
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Since v is a conserved density, that is it satisfies (4.4), each coefficient in
the expansion of v with respect to a is again a conserved quantity. This means
that every power of u is a conserved quantity. We can of course check this fact
directly using (4.2). However, it is interesting to note that an infinite number of
conserved quantities are generated from a Bicklund transformation containing
an arbitrary parameter [57].

We showed in Chapter 1 that the Liouville equation,

Uy =e", 4.5)

may be reduced to the linear equation,

Uy = 0. (4.6)
Differentiating the equations
Uy + v, = 21/2e@0/2) (4.7a)
iy — vy = 21/2etv)/2 (4.7b)

with respect to y and x, respectively, we obtain

Upy + Vyy = 271/2(14), - vy)e(“*”)/2 =e",
Uyy — Vyy = 2712 (uy + vy)eWtV/2 = et
Adding and subtracting these equations gives the Liouville equation (4.5) and
the linear equation (4.6), respectively. This shows that (4.7) is a Bicklund
transformation connecting the solutions of these two equations [58].
The first Biacklund transformation to be found in connection with soliton
theory is related to the sine~Gordon equation,

Uyy = Sinu. 4.8)

This Bécklund transformation is given by [58]

%(u + v)y = psin [%(u — v):| , (4.9a)

%(u —v)y =p 'sin B(u + v)} ) (4.9b)
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Differentiating the above equations with respect to y and x, respectively, we
have

S+ = 3 p— ), cos B(u = v)}

= sin B(u + v)] cos B(u - v)] )

1 R 1
z(u_v)yx—zp (u + y)x cos E(”"'v)

1 1
= sin |:§(u — v)] cos [E(u + v)] .
Addition and subtraction of these both give a copy of the sine—Gordon equa-
tion,

Uyy = sinu,

Uyy = sinv.

Therefore, (4.9) is a Béacklund transformation between two solutions of the
sine—Gordon equation. The Bicklund transformation may be used to obtain
the N-soliton solution and an infinite number of conserved quantities [57] of
soliton equations. A relation between this Bicklund transformation and the
inverse scattering method is also known [59, 60].

As was shown in Chapter 1, the sine-Gordon equation,

Uyy = Sinu,
reduces to the bilinear form
DDy f - f =32~ f) =0,
through the bi-logarithmic transformation

u = 2ilog(f/f").

It is interesting to determine the bilinear forms of (4.9a) and (4.9b). Here we
simply present the result. The required bilinear forms are

1
D.f-g = —5P fre*, (4.10a)

1
Dyf-g"==3p"'1"s, (4.10b)
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where g is another solution for the sine—~Gordon equation, satisfying
1
DiDyg g = 5(g* =) =0. @11

The rest of this chapter is concerned with Backlund transformations in bilinear
form [58,59].

4.2 Backlund transformations for KdV-type
bilinear equations

First of all, we consider the Bécklund transformation between a solution f for
the general KdV-type bilinear equation

F(Di, Dy, Dy)f - f=0, (4.12)
and another solution f’ for the same bilinear equation
F(D;,Dy,Dy)f" - f'=0. (4.13)
We will consider

P =[F(D:, Dy, D) f - f1f2 = fPIF(D;, Dy, DY) f - £l (4.14)

If P =0, then f solves the bilinear equation (4.12) if and only if f’ solves
the bilinear equation (4.13). If we can obtain from P = 0 a pair of bilinear

equations
Fi(Dy, Dy, Dy) f' - f =0,
l( t X y)f/ f (415)
F2(Dy, Dy, Dy) f*- f =0,

in which f, f’ have interchanged their positions compared with (4.12) and
(4.13), then they provide the Biacklund transformations we are seeking.
We can use the exchange formula

exp(D1) [exp(Dz)a . b] . [exp(D3)c . d]

Dy —D Dy+ D
= exp (%) |:exp <D1 + %) a- di|

Dy +D
-[ap(—D1+—£%—i>cIJ, (4.162)

where

Di = ;D + BiDy + yiDy (i =1,2,3), (4.16b)



162 Bdcklund transformations

to carry out this interchange. As a typical example, let us find the Bicklund
transformation for the bilinear KdV equation [22,59]

Dy(D; +coDyx + D) f - f =0, (4.17)

where cq is a constant.
We start with

P =[DuD,+coDi + D) f] 2

— 17 [Dx(Dy + oD + DD - f]. (4.18)
Substituting
Di=aDy, Dy=D3=8Dy, a=d, b=c (4.19)
in the exchange formula (4.16), we obtain

[exp(an + BDy)a - a] [exp(—an + B8D)b - b]
= exp(aDy) [exp(BDy)a - b] - [exp(BDy)b - a] . (4.20)

Expanding the above equation in «, the coefficient of a! gives

[exp(ﬂDx)DXa ~a] [exp(ﬂDX)b . b] — [exp(,BDX)a ~a]
x [exp(BDx)Dyb - b] = Dy [exp(BDy)a - b] - [exp(BD,)b - a] .
4.21)

Taking a similar expansion in 8, we obtain

[Dfa : a] v —a? [be : b] = D, [(Dya-b)-ba+ab- (Db -a)]
= 2D (Dya-b) - ba (4.22)

from the coefficient of B!. Through the independent variable transformation
Dy — D, + Dy, we have

[DyD;a - alb* — a®> [DyD;b - b] = 2D (D;a - b) - ba (4.23)
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from the coefficient of ¢!. Finally, the coefficient of 8> in (4.21) gives
[Dia . a] b —a® [Dib . b]
=2D, [(Dfa -b) -ba+3(D%a-b)- (Db - a)] . (4.24)
Substituting these equations into P, we have
P =2Dy(D,f"- f)- ff' +2c0Dx(Dsf"- )~ ff’
+2D, (DI 1) f1+ 3D ) (Def - )]
=20, [(D, + oD+ DD 1] 1’
+6D(DYf" - f) - (Dif - £). (4.25)

We may introduce two new arbitrary parameters A and p into the above equa-
tion to obtain

P =20 {[D,+ o+ 30D + DI - £ £

(4.26)
+6D. (D} = uDy =2 f - f|- (Df - 1.
This is possible because the coefficients of A and p
Ao Dx(Dif - ) f'f+Dxf'f-(Def"- f),
w: =Dy(Df" - f)- (Dif - £,
are both equal to zero because of the property Dya - b = —D,b - a. Therefore,

candidates for the Bécklund transformation between f and f’, which satisfy
P =0, are

[0+ (co+mD + D3] 1 £ =0, (4.272)
(D> —uD, =N f' - f=0. (4.27b)

In order to show that the above equations do define a Bicklund transfor-
mation, we need to investigate their compatibility condition. That is, we must
show that there is no inconsistency between these equations. This compatibil-
ity is related to the inverse scattering method in a way that will be described
later.

As will soon be demonstrated, the Bicklund transformation given by (4.27)
is related to (i) the inverse scattering formulation, (ii) the mKdV equation and
(iii) the Miura transformation.
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4.2.1 Inverse scattering formulation

The fundamental idea of the inverse scattering transformation is that the KdV
equation,

Uy + 6uny + ey =0, (4.28)

arises as the compatibility condition (4.30) of two linear differential operators
(a Lax pair). We have
AV =0,

(4.29)
LV =AY,

where A = 9; + (3X + 3u)0dy + 0yxx and L = 9,y + u, and the compatibility
condition is

[A,L]=AL -LA=0. (4.30)

By setting L1 = A and L, = L — A, this compatibility condition is equivalent
to the commutation relation

(L1, L2]=0. (4.31)

We will prove that (4.31) is equivalent to the compatibility condition of the
Bicklund transformations (4.27). Since (4.27a) and (4.27b) may be thought of
as linear differential equations for f or f’, let us eliminate f or f’ from these
two equations. For this purpose, we introduce the rational dependent variable
transformation

v =f'/f.

4.32
u= 2(10g f)xx- ( )

By employing formulae associated with the rational transformation,

Dy f' - O/ =¥y,
DX )/fF = Ve +u, (4.33)
D3 f' Of? = Warr + 30y,

equations (4.27) are equivalent to

W, + (co +30)Wy + Wiy + 3ul, =0,

(4.34)
Vo +uW¥ — pu, — AW =0.
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By introducing linear differential operators L1, L, defined by

Ly =08 4 (co+ 31+ 3u)d, + 8,

N (4.35)
Lzzax _,U«ax‘l'u_)"a
(4.34) may be rewritten as
LY =0,
(4.36)
LoV =0.

The operators L and L satisfy a compatibility condition if their order may
be interchanged. This means that

LiLyV = Ly, 4.37)
or, equivalently,
[L1,Ly] =0. (4.38)

In the case u = ¢ = 0, the linear differential operators L1 and L, form the
Lax pair (L1, L») of the KdV equation [45]. As we have seen, the inverse scat-
tering method and the direct method have a strong relation from the viewpoint
of the Bicklund transformation. However, the bilinear Backlund transforma-
tion not only gives rise to the original equation as its compatibility condition,
as will be shown in Section 4.2.2 the bilinear Bicklund transformation (4.27)
also generates a new soliton equation.

4.2.2 The modified KdV (mKdV) equation

We start with the bilinear Bicklund transformation formula,

[Dt + (co+ 2Dy +D;§] Ff=0,

(4.39)
(D2 —uDy =W f' - f =0.
Through logarithmic dependent variable transformations,
¢ =log(f'/f).
4.40
p=log(f'f). (*40
and using the formulae (1.268) in Section 1.9, we obtain
¢ + (o + 30D + Grxx + 3¢ prx + ¢ =0, (4.41a)

Pxx + ¢)% — pgy — A =0. (4.41b)
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Substituting oy, from (4.41b) into (4.41a), we obtain

G + (o4 3M)Px + Prax + 3bx (Wpx + 1 — ¢2) + ¢ = 0. (4.42)

Differentiating (4.42) with respect to x and putting ¢, = v, we obtain the mod-
ified KdV equation (Gardner equation):

Br + (o + 6M) Dy + Dyxx + 60, (—0° 4 ud) = 0. (4.43)

In order to find solutions for the Gardner equation, we have only to solve
the bilinear Biacklund transformation formulae,

[Di + (co+ 2Dy + D3] f'- f =0,

(4.44)
(Df —uDx =1 f'- f=0.
4.2.3 The Miura transformation
In finding conserved quantities for the KdV equation,
Ur + 6uty + tyyy =0, (4.45)
and the mKdV equation,
v + 24070y + vy = 0, (4.46)

Miura [61] found that the solution u of the KdV equation is related to the
solution v of the mKdV equation by the formula

u = (2v)? — 2iv,. (4.47)

Remarks

(1) Miura had very great difficulty in calculating higher-order conserved quan-
tities of the KdV equation, and discovered the relation (4.47) by compar-
ing the conserved quantities of the KdV equation with those of the mKdV
equation. This was the beginning of discovery of the inverse scattering

method for the KdV equation.
(2) The relation between v and v is given by ¥ = 2iv when ¢ = u = A = 0.
O

Putting A = u = 0 in the second formula in the bilinear Bicklund transfor-
mation (4.39), we have

D2f . f=0. (4.48)
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By using the formulae (1.268) of Section 1.9, the left-hand side of (4.48) may
be rewritten as

D - NI ) = [og(f ], + [log (/9]
= 2(log f)xx + [log(f'/F)],, + [log(f'/P)]: -
Because of the dependent variable transformation,

u= 2(log f)va
v = (1/2i) [log(f'/1)], -

the bilinear form Df /' f = 0is simply the Miura transformation [61],

(4.49)

u = (2v)? — 2ivy. (4.50)
The procedure in which we exchanged the positions of f’, f in
P =[F(D;,D:.Dy)f - f1f* - fP1F Dy, Dy, Dy f-f1 (414 bis)
to obtain the Bécklund transformation

Fi(D¢, Dy, Dy) f'- f =0,

, (4.15 bis)
F(Dy, Dy, Dy)f" - f =0,

can be applied to various soliton equations other than the KdV equation. Here,
we list the Bicklund transformations of the bilinear soliton equations listed in
Section 1.8.

e The fifth-order KdV equation

[DX(D, + DY) — %DS(DS + Di)} f-f=0, (4.51)
sub-condition : D, (Dy + D;)f -f=0. 4.52)

The Bicklund transformation is

(Dy 4+ 30D, + DY) f'- f =0, (4.53a)

D2f'- f =xf'f, (4.53b)

(D, + 154D, + D) f'- f = 0. (4.53¢c)
Remark

The first and second equations of the above Bicklund transformation are the
same as those for the KdV equation. O
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e Sawada—Kotera equation (1.254)
Dy(D;+D))f - f =0.

The Bicklund transformation is

DYf' f=2ff.
<D, ;ADZ——D )f f=0.

e Boussinesq equation (1.255)
(D} = DI =D}Hf - f=0.
The Bicklund transformation is
(Di+aD)f - f =0,
@DiDy + Dy + D} f'- f =0,

where a? = —3.
e Kadomtsev—Petviashvili (KP) equation (1.256)

(—4DD; +3D; + D)) f - f =0.
The Bicklund transformation is
(Dy —=D)f' - f =0,
(3DyDy — 4D, + D) f' - f =0.

e Model equation for shallow water waves (i)

1 .
[waf — DD} + D) + 7 Di(Ds + Di)} f-f=0,

sub-condition : D, (D; + D;:’)f -f=0.

The Bicklund transformation is
(Dy + 31D + D) f'- f =0,
DXf' - f=Af'f+uDf' - f,
[(1 — 30D, — D,D? + DX] Ff=o.

Remark

(4.54)

(4.552)

(4.55b)

(4.56)

(4.57a)
(4.57b)

(4.58)

(4.592)
(4.59b)

(4.60)

4.61)

(4.62a)
(4.62b)

(4.62c)

The first and second equations in the above Bicklund transformation are the

same as those of the KdV equation.

O
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e Model equation for shallow water waves (ii)
Dy(D; = DD} + D)) f - f =0.
The Bécklund transformation is

(D} —Dof - f=arf'f,
(BDyD, — V) f' - f = uDyf'- f.

e Toda lattice equation (1.260)

|:D,2 — 4sinh? (%Dnﬂ f-f=0.

The Bicklund transformations are

|:Dexp( D) 2A51nh(D >i|f f=0
t _7 - 2 =0,

[0+ 27 exp(=D) = D] ' £ =0,

and

Dy
D f - f+2as1nh<— g g

2
)f/f

§-g=f

)
3

D,g - g+ 2o 'sinh <

() (%)
(%) con(2)

condition: o' (8] — 1) = a(B3 — 1).

|

| E— e |

f-f=gs,

169

(4.63)

(4.64a)
(4.64b)

(4.65)

(4.66a)

(4.66b)

(4.67a)

(4.67b)

4.67¢)

(4.67d)

(4.68)

4.3 The Backlund transformation for the KP equation

Let us investigate the bilinear Biacklund transformation formulae for the KP

equation. This equation is

(—4D,D; + 3D} + D) f - f =0,

(4.58 bis)



170 Bdcklund transformations

and its Backlund transformation is

(D, —DHf' - f=0, (4.59a bis)
(3DyDy — 4D, + D) f' - f =0. (4.59b bis)
Remark
The above Bicklund transformation formulae coincide with the first modified
KP equation [15] if we set Dy = Dy, D2 = Dy, D3 = D;. O

We have already explained that the solution for the KP equation v may be
expressed in terms of wronskian and grammian determinants. Let us investi-
gate how 7’ is expressed. To start with the conclusions, there are two kinds
of solution 7’: (i) a solution with the same number of solitons but with dif-
ferent phase, and (ii) a solution with the number of solitons increased by one.
In these two cases, (4.59) is simply a Pliicker relation and a pfaffian identity,
respectively.

In this section, we give various expressions for T and 7’ and confirm that
they satisfy the first equation in the Biacklund transformations given by (D% +
Do)t -1t/ =0.

4.3.1 Wronskian expression

We first define IIE,") by

+1 +N—-1
fl(n) fl(n 1) . f](” )

+ +N -1
f2(n) f("l ) . f;" )

0 = :
) f(n.+1) (n+'N71)
N N N
:(dnadll-'rlv"'7dn+N—lsN7--~v27 1)7 (469)
where the elements in the above pfaffian are defined by
e )= i = oy =120 )
)= e T i N S B (4.70)

@, dy) =0 (m,n=0,1,2,...).

Remarks
(1) The suffix N (=0,1,2,...)in t,i," ) represents the size of determinant, that
is, the number of solitons, and n (= ..., —1,0,1,2,...) is a parameter

introduced to refer to different choices of ty.
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(n)

(2) The wronskian 7y~ is expressed by means of a Maya diagram as

n n+1 n+N—1 n+N

' =[0|0|+~|0|O

There are two choices for 7, T’ expressed in terms of rl(\f) [62]

D = ‘L'IE/O), T = rl(\,l),

O O

i) t=rt Nl

In case (i), N, the number of functions f; contained in t, 7’ (or equivalently,
the number of solitons) is the same, but the phase constants §;, which show the
position of the solitons, change.

Remark
In the case of a two-soliton solution, 7, T/ are written as

T o 1 +exp(n1) + exp(172) + c12exp(m + 1n2),
' o< 14 exp(n1 + 81) + exp(n2 + 82)
+ craexp(n + 2 + 81 + 82),

where
77i=§i—§i, Ei:Zp;?xn’ gzzq;lxn
n n
and
Di (p1 — p2)(q1 — q2)
exp(d;) = —, cip= .
qi (p1 —q2)(q1 — p2)

0

In order to confirm that 7,7’ satisfy the Bicklund transformation
formula (4.59a), we determine the derivatives of T/ = 7:(1), and write the re-
sults in terms of Maya diagrams:

N-1 N N+1 N+42 N43

1
=100 :

1
=0 O :
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N—-1 N N+1 N+2 N+3 N—-1 N N+1 N+2 N+3
1
o = | O ol |+ _|9]|© ’
V=10 @) - 0|0
N,x; —

The derivatives of T = t,,” are obtained by reducing the number on each cell
in the Maya diagrams by one. Substituting these results into the left-hand side
of (4.59a), that is

0
N

(Tax + )T — 2107, +T(z), — T0),

we obtain the Maya diagram expression

of~1]0 o|x|o||olo]|o
+o|-]o|o x|o|-|lo| |o]o

Neglecting cells common to every expression and exchanging positions of T
and 7, we finally obtain

N-1 N N+1 0 N-1 N N+1 0

OO0 x ORN®;

-10 ©) x ©) ©)

+1 O O x ORN®;

Since this is nothing but a Pliicker relation, it is identically zero. Hence, we
have shown that 7, t” satisfy the first of the Bicklund transformation equa-
tions (4.59a).

In case (ii), T/ contains one more function, fy 1, than 7. Since the formulae
for the derivatives of 7/,

0
v =1y} = (o.dr.....dy_1.dy. N +1.N.....2. 1),

are obtained by replacing N with N + 1 in those for T = t,i,o)
the above results into the left-hand side of (4.59a), that is

, substitution of

(Tex + )T = 20T, + T(T, — T0)s

yields the Maya diagram expression
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dy_1 dy dyip N+1 dy_1 dy dyyp N+I1

©) x1O|0O ©)

- ©) x| O OO0
+1 O x 0|00

Using (2.96'), this may be rewritten as

O|0]|0O x O

However, the above equation is identically equal to zero because the number of
the labels corresponding to taking derivatives dj,, and the number representing
solitons j are not the same. Therefore, we have proved that 7, T’ satisfy the
Bicklund transformation formula (4.59a) [38].

4.3.2 Grammian expression

We first define ‘L'][\7 ] by

[[\7] = det((m;j)n)1<i,j<N
x B 4.71)
(mij)n = cij + (—)"/ f,mg; " dx,
where f; and g; satisfy
0
fi=L g = 7,
Xy 0x 472
9 1 " 1gm @72
P m—1_— = m—
ox, gj =) —8j = () )
for j=1,2,...,Nandm =1, 2, ... . Using the above expressions, 7, T’ are
written in two different ways.
(i) First as
‘L'—‘EI[\?], T —Tz[v]]~ 4.73)

In this case, 7, T/ have the same number of functions but different phases.
Each element of t/ = rl[vl ] given by (m;;)1, may be rewritten, using inte-
gration by parts, as

X
0 (© 0 (-1
(mij)IZij+/ fi( )gﬁ-)dx—fi( )g§. )

= (mjj)o — (d—1,dy, 1, j*), 4.74)
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where we have

(., j*) = 8", (. )= f",

(4.75)
(dm. dy) = (dn, J) =, j) = 0.
Therefore,

i = @, dg 1,2, NN 251, (4.76)

using the addition formula for pfaffians (2.102).

The derivatives of 7 = t,[lol are given by

t=(1,2,...,N,N* ..., 2% 1%) = (o), (4.77a)
Tr = (do, dj. ®), (4.77b)
Tox = (d1, djy, ) + (do, df , e), (4.77¢)
Ty, = —(d1, dg, ®) + (do, df , »), (4.77d)
=1 —(d-1,dj, ), (4.77e)
T, = (d_1,df, e), (4.77f)
7., = —(do, dj, ) — (d—1,d}, ®) — (d_1,d}, do, dg, e), 4.77g)
Ty, = (do, df, ®) — (d—1,d;, ®) + (d_1, d}, do, dg, ®). (4.77h)

Substituting the above results into the left-hand side of the first equation of the
Backlund transformation,

(ter + )7 = 20,7 + T(ty — 7)),
gives the Maya diagram expression

d_y dy dF df Ay dy dF 4}

2y -0 ©) x ©) ©)

+1 O O x OO0

-1O0]O 0|0 |x }

which vanishes because of the pfaffian identity. Hence, we have proved that
7, 7’ satisfy the first equation of the Bécklund transformation.
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(ii) Secondly, as

t=(1,2,...,N,N* ..., 25 1%) = (o), (4.782)
' =(1,2,....N.N+1,d,N*,....2 1%) = —(d}, N + 1, o).
(4.78b)

In this case, t/ contains one more function (dyg, N + 1) compared with . Its
derivatives are

Tl =—(d*N+1,e), (4.79)
T =—(d5N+1,0—(do.dj df.N+1,e), (4.79b)
T, = —(d3, N + 1,0+ (do, dj. df, N + 1, ). (4.79¢)

Substitution of the above results into the left-hand side of the first equation of
the Bicklund transformation,

(Tax + T, T = 2007, + (T, — Ty,
gives the Maya diagram expression

* * * *
dy dF  df N+ dy dF df N+

271010 X OO

-10 ©) x ©) ©)

-1O0]O0 |00 x :

which vanishes because of the pfaffian identity. Hence, we have proved
that 7, v’ solve the first equation of the Bicklund transformation given by
(4.59a).

Following the same procedure, we can prove that 7, t/ solve the other equa-
tion (4.59b).

4.4 The Backlund transformation for the BKP equation
In this section, we find a Bicklund transformation for the BKP equation [46],

[(03 ~D)HD_; + 3012] S— (4.80)
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We define 7’ to be another solution of (4.80) and consider

P ={[(D3 — D})D_; +3D?|t - t)7'7/
—tt{l(D3 — D%)D_1 + 3D%]‘E/ -’}

Using the exchange formulae,
[D3D_it 1|7t — 1t [D3D_17' - T'] =2D_ D37 - 7] - 7'x,
[Dlzf : ‘L’] Tt -1t [Dlzt’ . r’] =2D[Dit-7']- 7'z,
[DfD_lr . ‘L':| 't — 1t [DfD_lr’ . r/]
—2D_, [D13t : r/] 't +6D{(D\D_i7-7') - (D17 - 1),
we obtain

P =2D_1[(D3 — Df)f 1t
—6D1[(D1D—_; — Dt -7']- (D17’ - 7).

From the above,

(DiD_1— Dt -7 =AD 17 -7,
(D} — D3yt -7 = prt,

4.81)

(4.82a)
(4.82b)

(4.82¢)

(4.83)

(4.84a)
(4.84b)

where A, u, which are constants, are candidates for a Backlund transformation.
We call the above equations the modified BKP equation. We may derive the

following results.

4.4.1 Inverse scattering form

Let us make the rational dependent variable transformation
Vv =1/t, w=2(logt),,
and introduce linear differential operators L1, L given by

Ly = 8,8y + wy — 1 + 13y,
Ly =02 — 8 43w, 0y — 1.

Then (4.84a) and (4.84b) may be rewritten as

Li1v =0, L¥=0.

(4.85)

(4.86)
(4.87)

(4.88)
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From the compatibility condition L 1L,V = L, LV, we obtain the BKP equa-
tion,

Wyt — Wxxxy — 3(wxwy)x + 3wy, =0, (4.89)

where we have put x| = x,x_1 =y, x3 = 1.

4.4.2 The modified BKP equation
Through the logarithmic dependent variable transformation
¢ =log(t/t"), p =log(z1)), (4.90)
(4.84a) and (4.84b) may be rewritten as

Oxy + Oxdy + Ay — 1=0,

3 4.91)
Ot — Grxx — 3Px Pxx — ¢x +u=0.

4.5 The solution of the modified BKP equation

We learned in Chapter 3 that the BKP equation has solutions expressed in terms
of pfaffians. In this section, we describe solutions 7, t” of the modified BKP
equation, (4.84a), (4.84b), with parameters A = u = 0,

(D1D_; — T -1' =0, (4.92a)
(D} —D3)T-7' =0. (4.92b)
We have seen that T may be expressed as the pfaffian

t=(1,2,...,2N),

.. * (4.93)
i, ) = i +/ Dofi() - fj()dy  (x = xp),
where f;(x) fori =1, 2,...,2N satisfy the linear differential equations
0 a"
—fix)=—fix) (m=-1,1,3,...). (4.94)
0xy, ax"

Inthe case n = —1, (4.94) is

a X
a—ﬁ(x) = / fi(x) dx. (4.95)
x_
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Then 7’ is given by the pfaffian

' =(do, 1,2,...,2N,2N + 1)
= (dop,2N +1,1,2,...,2N), (4.96)
where
n

0
(dnvl)=a—n.fla (dmadn)=0 (m7n=_190’1’27"')' (497)
X

In order to confirm that 7, 7’ satisfy (4.92a), (4.92b), we calculate the
derivatives of t’:

7' =(dy,2N +1,1,2,...,2N) = (do, 2N + 1, o), (4.98a)
v =(d_1,2N + 1, ), (4.98b)
8x_1
3
T =(dp,2N +1,e)+(d_1,dy,d1,2N + 1, e), (4.98¢)
0x0x_1
J
—1t' =(d1,2N + 1, ), (4.98d)
0x
33
ﬁr = (d3,2N + 1,e) + (dy,d,dr,2N + 1, o), (4.98¢)
0
a—r/ = (d3,2N +1,e) — (dy,d1,dr,2N + 1, o). (4.98f)
X3

Substitution of these expressions and (3.78) into (4.92a), (4.92b) gives the
Maya diagram expressions

Wy dy A NTL Ay dy 4 2N+
OO0 |0 |x

-1010 x| OO

+| O O X O O

-10 O|x o0 =0,
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b 4 2N b & 4y N
O|0O|O|0O|x

-1010 x| OO

+ O O X ©) ©)

-10 O | x OO =0,

which are simply pfaffian identities. Therefore, we have confirmed that 7, t’
satisfy (4.92a), (4.92b).

4.6 The Backlund transformation for the two-dimensional
Toda equation

We consider the two-dimensional Toda equation

2

050X

log(e + Vi) = V1 =2V + Vo1, =01, (4.99)

where ¢ = 1 and ¢ = 0 correspond to (i) the Toda lattice equation and (ii) the
Toda molecule equation, respectively.
Through the dependent variable transformation

Vi = (log Tw)xs»

(4.99) are integrated to give the following bilinear forms: (i) the two-

dimensional Toda /attice equation (n = ..., —1,0,1,...),
Dy Dyty - Ty = 2(Tyy 1 Taot — T2, (4.1002)
and (ii) the two-dimensional Toda molecule equation (n = 1,2, ..., N),
D,Dsty, - T = 2741 Th—1, (4.100Db)

with boundary conditions Vo = Vy 41 = 0.
Let us find a Backlund transformation which connects the solution 7, of the
Toda equation with another solution t;, [53] by considering

P = I:DXDSTVI Ty — 2T,1+1Tn71 + 28‘[)3] T/Z

n

_ 2 I:DXDS‘['/I T 2er,;2] . (4.101)
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If P =0, then 7, # O satisfies the Toda equation if and only if 7, # 0 also
satisfies the same equation.
By employing the exchange formula
[DxDsty - Tl 7,2 — T2 [DyDyty, - T, ] = 2D (Dsy - 7)) - ThTn  (4.102)

and the identity

’ ’ N ’ ’
Dytp1t,_1 - Tt = (DxTpt1 - T)T_1Tn + Tut1T,(DxT,_1 * Tn),

(4.103)
P may be rewritten as
1P =D [Dsty -7, — Atugi17,_y | - Th T
+ A [DxrnH T+ )Flrnr,/,Jrl] T, 1T
.y [Dxr,, - +,\—1f,,,1r,;] T Tusl, 4.101")

where A is a free parameter. Therefore, P = 0 if the bilinear equations

DTy - Ty = ATut1T,_| — KT Ty, (4.104a)

/
Tl’l
DyTyy1 - T, = —)fltnt,;H + V41T, (4.104b)
(u, v are also free parameters) are satisfied for all n. These bilinear equations
give the Bicklund transformation connecting the solutions t,, 7, of the Toda
equation. The Bécklund transformation equations (4.104a), (4.104b) may be
rewritten in several ways [53].

4.6.1 Lax pair

We introduce new dependent variables V,,, V;,, I,, by means of

7, = W,1,, (4.105)
3 D1, -

Iy = — log(ty/Tas1) = —r Tt (4.106)
9x TnTn+1

Vi = (logTy)es = 2=l g (4.107)

2
T
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Then (4.104a) and (4.104b) are transformed into

I

a—s" = —-A(Vy+&)Wy_1 + p,, (4.108a)

v, _

5 =AYy — vV, — IV, (4.108Db)
X

Introducing linear differential-difference operators L1, L, defined by

a a
Li=—+xV,+e)exp| —— ) — 1, (4.109a)
as on
ad _1 a
Ly=——A""exp| — |+ 1+, (4.109b)
ox on

we have, from the compatibility condition
L1LoW = Lyl (4.110)
a set of partial differential equations for 7,,, V;,,

ad
a. IOg(S + Vn) =11 — 1,
0x

al,
as

4.111)

= Vn — Vn+l1-

Elimination of I, from (4.111) gives the Toda equation, and therefore
(4.109a), (4.109b) are its Lax pair.

4.6.2 The modified Toda equation

We define new dependent variables u,, by

d D -t
Un = — log (T—”> = D 4.112)
as ) T,
and v, by
9 D.t, -t/
vy = ——log [ o ) = — 2l (4.113)
ox T TnTy_q
Using (4.104) we may rewrite these as
ATpe1T,
Uy = R M 4.112)

T, T,
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and

)\'—1 B /
v, = =t 4.113")

/
1

Differentiating log( + u,) and log(v + v,) with respect to x and s, re-
spectively, we obtain

0 o [ T T
— log( + u,) = — | —log ,n + log ntl
ox ax T4 )

= Uy — Upt1, (4.114a)
0 d [ Tn_1 T,
—1 =—1 —1 s
ds 0g(v + vn) s Og(réq) 0g(r,’l):|
=Up_1 — Uy, (4.114b)
which are equivalent to
d
aun = (1 + un) (W — V1), (4.115a)
ad
gvn =+ v)Up—1 — up). (4.115b)

We call the above system the modified Toda equations.

Remark
Let the independent variable n take the finite number of values n =
1,2,..., N. Imposing the boundary conditions up = vy+1 = 0 and putting

parameters . = v = 0, (4.115a), (4.115b) give

0
—up = Uup(Vp — Vpt1), (4.116a)
ax

]

— vy = vy (Up—1 — Up). (4.116b)
as

This coupled system of differential equations describes the interaction of 2N
waves u,, v, forn =1,2,...,2N [53]. If N =1, (4.116a), (4.116b) reduce
to the two-wave interaction equation (1.78),

9
Uy =uyvy,

35‘ (4.117)
%vl = —ViU1.
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4.6.3 Miura transformation

The solutions V,, of the Toda equation and u,, v, of the modified Toda equa-
tions are expressed as follows:

T, Tn—
£+ V, = 2L (4.1182)
Tn
T 1‘5/7
ot sty = p—n=L (4.118b)
T, T
/
vty = a1 =t (4.118¢)
ann,1

Comparing these, we see that V,, may be expressed in terms of u,, v, as fol-
lows:

e+ Vy=(u+u))+uvy). (4.119)

Substituting the above expression into the left-hand side of the Toda equation,
2

0x0s

10g(8 + Vi) = Vyr1 — 2Vy 4+ Vi1, (4.120)

and considering the fact that u,,v, satisfy the modified Toda equa-
tions (4.115), we obtain

O L rogu +un |+ 2 [ 2 tog(w + v
— | —1o — | —log(v
ds | 0x BUL T Un 0x asg Un

= a[vn — Uny1] + %[unq — unl
=V 4+ vn)Up—1 — Uun) — (Vv + Vng1)(Un — Up—1)
+ (1 + up—1)(Wp—1 — V) — (1 + 1p) (Vn — Vp—1)
= (W + 1)V + V1) = 2(1 + up) (v + )
+ (4 up—1) W + va-1)
= V1 — 2V + Vi1, (4.121)

which is simply the right-hand side of the Toda equation. Therefore, if u,, v,
satisfy the modified Toda equation, then V), satisfies the Toda equation. This
shows that (4.119) is a Miura transformation connecting the solutions of non-
linear differential equations.
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4.7 Solutions of the two-dimensional modified
Toda equation

As we have explained in Chapter 3, solutions 7, to the Toda equation,

DDty - T = 2(Tpg1Tn—1 — 572)’ (4.122)

n

have different forms for (a) the Toda lattice equation (¢ =1,n=...,
—1,0,1,...) and (b) the Toda molecule equation (¢ =0,n =1,2,..., N).
Therefore, the expressions for solutions t, of the modified Toda equation,

Dyt - Ty = ATyq1T,_| — ATnT,
/ (4.123)

-1 ! l
Dytpt1 - Ty = =& TuTyq F VTu+17T,,

where A, u and v are free parameters, are also different for these two cases.

4.7.1 Structure of the Backlund transformation for the Toda
lattice equation

We have shown that the N -soliton solution 7, of the Toda lattice equation can
be expressed as an Nth-order wronskian

o1(n) p(n+1) -+ p(n+N-1)

$2(n)  po(n+1) -+ ga(n+N—1)
Th = . . .
én(n) ¢n(n+1) -+ dy(n+ N —1)
= (do,dy,...,dy_1,N,...,2,1), 4.124)

where each ¢; (n) satisfies

@ = gi(n + 1),

a¢”(‘ ) (4.125)
i (n
5 = —¢i(n —1).
S

As for the KP equation, there are two different kinds of solutions 1:,2 obtained
from 7, through the Bicklund transformation.
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Solution with the same number of solitons but a different phase
Here we choose ;= A = —b/a and v = A~!. The Bicklund transformation
formulae are given by

Dsty - 1) = —;(r,,_Hr,é_l — 7)), (4.126a)

a
DyTpy1 - T, = E(anlfl"l‘l — Tp417,). (4.126b)

Then 7, may be shown to be the N th-order wronskian
7, =[p(m). p(n+1),....p(n+N — 1], (4.127)

where
bj(n) = ap;(n) +be;(n+1). (4.128)

This solution 7, represents a solution with the same number of functions ¢;
(the number of solitons) but with different phases.

Remarks
(1) The conditions ;4 = A, v = 271 are necessary in order to allow the vac-
uum (zero-soliton) solutions 7, = 1, 7, = constant in (4.123).
(2) In the case of a = 0, b = 1, the solution r,’l is the same as that obtained
from the Bicklund transformation for the KP equation. d

The verification of the solution (4.127) is made more difficult by the fact
that a # 0. We first note that 7, and 7,41 have a number of expressions:

w=[pMn).pn+1),....0(n+N—1)]
=a N pm), ¢(n+1),....,¢(n+ N —2),¢p(n+ N — 1]
(4.1292)
=b N p(m), d(n),....¢(n +N —3),p(n + N —2)]
(4.129b)
=a N (r, = bp(n). p(n + 1).....¢(n + N —2),¢(n + N))),
(4.129¢)
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Tn+1 = [¢(I’l + 1)’ ¢(n +2)9 ’¢(n +N)]
=a MNP+ 1),¢n+2),....6n+N —1),¢(n + N)]

(4.130a)

=b""p(n+1),¢(n+1),....,p(n+N —2),d(n+N — 1]
(4.130b)

=bN(t,—alp(n). p(n+1),....,¢(n+N—2), p(n+N —D]).
(4.130c)

Remark
This rewriting of the solution is easily carried out using elementary properties
of determinants. For example, (4.129a) is derived in the following way:
T =[¢Mm),p(n+1),....¢n+N—1)]
=a Napn), ap(n+1),...,ap(n + N —2),¢(n + N — 1)]
=a Mag(m) +bp(n+1),...,ap(n+ N —-2)
+bp(n+N—1),¢(n+ N —1)]
=a " P, ... ¢+ N —2).¢(n+N - D).
O

Now, in order to prove (4.126a), we substitute the expression (4.129¢) on
the left-hand side and the expressions (4.129a), (4.130a) into the right-hand

side. After computing derivatives, we obtain the Maya diagram expression
for (4.126a):

n—1 n  n+N—-1 (n+N) n—1 n  n+N—1 (n+N)

o]0 X ORN®)

-10 ®) X O O

+| O O] x 0|0 =0,

which is simply a Pliicker relation. In the above Maya diagram expression, the
labels m and (m) denote the presence of a(m) and ¢ (m), respectively.

Following a similar procedure, we can prove (4.126b) by substitut-
ing (4.130c) into the left-hand side and (4.129b), (4.130b) into the right-hand
side. Consequently, we obtain a Maya diagram expression equivalent to a
Pliicker relation.
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Solution with one more soliton
For simplicity, we choose the free parameters to be A = 1, u = v = 0. Then
the Bécklund transformation formulae are

Dty - T) = Tug1 T, g (4.131a)

DyTpy1 - Ty = =TT, . (4.131b)

If 7, is expressed in the wronskian form (4.124), then 7, is expressed as the
(N + 1)th-order wronskian

1, = (do,d1,...,dy—1,dn, N + 1, N,...,2,1). (4.132)

This t,; represents a solution having one more of the functions ¢; (that is, one
more soliton) than t,,.

Remarks
(1) We chose the parameters tobe A = 1, u = v = 0, for the following reason.
Substitution of a vacuum solution 7, = 1 and the one-soliton solution 7, =
¢ (n) into the Bicklund transformation formula gives the linear equations

W Ayt — 1)+ i),
, i (4.133)
% = 17"+ 1) — vy (n).

When = v =0, ¢(n) gives a solution to the KP equation. Using scale
transformations of the independent variables x, s, A may be chosen to be
unity.

(2) Since n represents the order of the x-derivative, t,41 and r’; _, may be
denoted by

T+l = (d1,do, . ..,dy-1,dNn, N,N —1,...,2,1), (4.134a)
tr/:—l =(d_1,do,...,dy_1,N+1,N,...,2,1). (4.134b)
O

It is easy to prove (4.131a). Substituting (4.124), (4.132) into the left-hand
side and (4.134a), (4.134b) into the right-hand side give the Maya diagram
expression
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O x| |o]o|o
-l |0 x|o| |o|o
+ o| |x|o|lo] |o|=o

Equation (4.131b) can be proved in the same way.

4.7.2 Structure of the Bicklund transformation for the
Toda molecule equation

We noted in the previous section that the modified Toda equation is equivalent
to the 2N -wave interaction equations (4.116) if we adopt boundary conditions
ug = vy+1 = 0, and take parameters © = v = 0. In the Bicklund transforma-
tion formula,

DTy - T) = ATut1T,_| — KT Ty, (4.135a)
DytTys1 - T = —A 'yt + VTt 1), (4.135b)
the choice of parameters A = —b, u = 0, v = —a/b, gives
Dty - T, = —=bTpt11,_4, (4.136a)
DiTyy1 - T, = b~ (1) — aTyy1T)). (4.136b)

The solutions 7, in the above equations may be shown to be expressed in
terms of bi-directional wronskians as

=1, 11 =0, 7, =det(¥; o<i,j<n—1, (4.137)

where

I\ /9 \/ N+1
xy,-,j=(a) <—> (s, x), W(s,x):Zuk(s)vk(x), (4.138)

0x
k=1

and uy(s), vi(x) are arbitrary functions of s and x, respectively.
We may suppress reference to the s-derivatives in 7,, by writing

Tp = [\IIO, q”l?“w\yn—l] (4’139)



4.7 Solutions of the two-dimensional modified Toda equation 189

for short, where W; denotes the column vector (Wy,;, W2 j, ..., Wy, j)’ . Then
7, may be written as

/ U
=1 1., =0,

7, = det(W;, )o<i,j<n—1. (4.140)
Ui j=aV ; + bV i1, (4.141)
and we can write
T =Wy, Uy,..., ¥, 1], (4.142)
where
U =a¥; +b¥,4. (4.143)
Remark

The necessity of the condition i = 0 is seen if one substitutes the vacuum so-
lution 79 = r(’) = l into (4.135a). Also, we have chosen A and v so that (4.135b)
coincides with (4.141) when n = 0. O

Since the subscript n indicates the size of the determinant, we rewrite t,
and 7,41 as

T = [Yo, V1, ..., ¥yl
=a "W, Uy, ..., Uyn, W, ] (4.1442)

-~

=a"(t) — b[Wo, Uy, ..., U, 2, ¥,]), (4.144b)
Th+1 = [Wo, W1, .nny Wy, Wyl

=a "Wy, Uy,..., Uy o, Uy, Wyl (4.145)

In order to prove (4.136a), we introduce (n + 1)th-, nth- and (n — 1)th-order
determinants D, D |:;i| and D |:l J]:

k
Voo Woi -+ Wou—1 Won
Wio Wi - Wia—1 Wi
D= . ) .
“I’n,O an,l te \I]n,n—l an,n

[@01 \I]h e an—Zs 6}1—19 lljn] = anrn-i-lv (41463)
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D |:;i| = determinant obtained by eliminating the ith row and the
jth column of D, (4.146b)

D I:llc ;j| = determinant obtained by eliminating the i/th and

Jjth rows and the kth and /th columns of D. (4.146¢)

By using the above notation, 7, and its derivatives may be written as

(n+ 1
7, =D Zj: 1] , (4.147a)
I 1
T, =D Z ZL] (4.147b)
T, [ n
% _p : 4.147
ds 0+ 1] (4.147¢)

Dyty -7, = Dga™" (7, — b [@0 Uy, W, v,]) T,

— —a"p1D "l p n+1 D n+1 pl "
=4 n n+1 n n+1|]°
(4.147d)

Therefore, (4.136a) is simply the Jacobi identity

Dl:n]D[n+1]_D|:n+li|D|:n i|=D|:n n+1]D'
n n+1 n n+1 n n+1
(4.148)

The rest of this section is devoted to a proof of (4.136b). We first rewrite

this as
T4 1 ot/
o 0 (%52 s (55 o

and use the expressions

0Tn41
ax

atyi1+b <

=a "W, Uy, .., Wyn, Wy, U,l,  (4.150a)
bty =a " Wy, Uy, ..., U, 5, W, 1, ¥, 1]. (4.150b)
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Substitution of these expressions and (4.144a) into (4.149) yields

[(I;O’ al» LN} ®n72’ wﬂ*l? {i}n]["i}O, (171’ LR ®n727 (I;nfl]
—[Wo, Wi, ..., Wyo, W1, Wt 1[Wo, Wi, .., Wy, W]

- [\307 ala MR ®n72, a}’l*la ﬁn][ﬁ()’ ®17 MR \Ijn727 \Ijnfl] = 0'
(4.151)
The above determinants can be regarded as wronskians with respect to x-

derivatives. Hence, by introducing the pfaffian entry (b,, m) = (3"/ X)W,
(4.151) results in the Maya diagram expression

bn (n—1) n-—1 n bn (n—1) n-—1 n
@) OO x ©)
-1010 O|x O
+ OO0 |0 X O|=0,

which is simply a pfaffian identity.

Snake’s legs
Viewing the above proof, some readers might suppose that the techniques used
are so complicated that they could not possibly discover this result. However,
it is easier than they might imagine. The author first checked by hand the ex-
pressions he had guessed in the case n = 0, 1 and then investigated the cases
n = 2,3, ... using computer algebra. After confirming that the guess is likely
to be correct, he finally considered the proof of the general case. Confirmation
at each step of the proof using computer algebra also reduces the possibility of
€eIToTS. g

We have discussed Bicklund transformations and the structure of the so-
lutions of the bilinear KP, BKP and Toda equations, which are considered as
the most fundamental soliton equations, and we have shown that the Bicklund
transformation formulae are, in each case, simply pfaffian identities.



Afterword

No sooner had the author started to describe an application of the direct method
that he realized that he had used up the allotted space on the fundamen-
tals. Even though he thought of shortening some of the detailed explanations,

he

remembered that he had suffered reading difficult mathematics books be-

cause of their terse style, and so decided to retain the seemingly superfluous
remarks.

)]

@

Let us briefly mention some topics not discussed in the book.

Fundamental soliton equations such as the KP, BKP and Toda equations
and their Bicklund transformation formulae may be regarded as ‘atoms’
for constructing various kinds of soliton equations. Combination of these
equations generate many other soliton equations and their solutions. Mod-
ern science has been able to understand the properties of materials by de-
composing them into their constituents, or atoms, and has managed to cre-
ate new materials by combining different atoms. It is a pity that lack of
space prevented the author explaining how to construct new soliton equa-
tions from the above atoms. For example, the KP equation and its Bicklund
transformation formula may also be considered as the bilinear form of the
nonlinear Schrédinger equation. In this way, we can construct the dromion
solution (two-dimensionally localized soliton) for the Davey—Stewartson
equation. It should also be noted that apparently different nonlinear par-
tial differential equations are frequently transformed into the same bilinear
form.

Since Bicklund transformation formulae are also considered as soliton
equations (the first modified equations), their Biacklund transformation
formulae (second modified equations) also exist. Furthermore, Béacklund
transformation formulae for the second modified equation, that is, third

192
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modified equations, can also be constructed and they make an infinite hi-
erarchy. We may expect that there may be interesting soliton equations
among this hierarchy.
What kind of soliton equations are generated from Bicklund transforma-
tion formulae of the coupled KP equation?
The word ‘pfaffian’ first appeared in connection with solitons in ref. [63].
The author believes that all soliton equations can be discretized. Therefore,
they generate an infinite number of nonlinear partial difference equations
equipped with an infinite number of conserved quantities and exact so-
lutions. This belief is supported by the remarkable fact that t-functions
of the KP equation and the difference KP equation coincide with each
other.

The interaction of solitons illustrated in Figure 1.7 was calculated using
the nonlinear partial difference equation (difference scheme)

wt — oyl =4 {u;tllu; — } ,

where n, t and § stand for the lattice position, the time and the length
of the time interval, respectively. This equation has an infinite number of
conserved quantities under periodic boundary conditions. However, it was
recently discovered that the time evolution of this integrable difference

equation exhibits chaotic behaviour under the periodic boundary condition
t t

Uy_1 =6 Li; = xt’ un+1 = yt’ ufH—Z = 'B

Shin’ichi Oishi [64] studied how to solve initial value problems for par-
tial differential equations by using their bilinear forms. According to this
author, if a solution may be expressed as a determinant, the initial value
problem can be solved using the bilinear form.

It should also be noted that the late Nobuo Yajima applied bilinear methods
to a perturbed system [65].

There is a strong relationship between soliton equations and the special
functions used in physics. In a sense, soliton theory can be considered
as a theory of special functions. Akira Nakamura has been investigating
special functions from this point of view. Ref. [66] reviews Nakamura’s
results obtained up to 1988, and later results appear in the following pa-
pers: [67] (Airy function, Hermite polynomials); [68] (associated Legen-
dre functions); [69] (associated Legendre functions, generalized Laguerre
functions); [70] (Jacobi polynomials); [71] (Gauss hyper-geometric func-
tions); [72] (Legendre polynomials). The full implications of these results
are still unknown.
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(9) Finally, two other explanations of the bilinear method are mentioned
[73,74]. The main feature of the book by Matsuno [73] is a detailed expla-
nation of a bilinearization of the Benjamin—Ono equation. Also, the sur-
vey article by Nimmo [74] explains how vertex operators generate soli-
ton solutions and describes the group theoretical significance of bilinear
equations.
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addition formula, see under pfaffian
antisymmetric matrix, 62

atom, 192

auxiliary variable, 56, 57, 127

Biicklund transformation, 32, 157
BKP equation, 175
KdV-type equation, 161
KP equation, 169
Toda molecule equation, 188
two-dimensional Toda lattice equation, 179
bi-directional wronskian, see under wronskian
bilinear equation, 23
bilinear expression, 20
bilinear form, 24
indefiniteness of solution, 32
bilinear method, see direct method
bilinear operator, see D-operator
bilinearization, 3746, 120, 194
BKP equation, 128, 175
Bicklund transformation, 175
Kp = Tagp- 90, 130
BKP hierarchy, 128
BKP-type equations, 128
pfaffian solutions, /27-132
bordered determinant, see under determinant
Boussinesq equation, 57
Biicklund transformation, 168
bright soliton, see under soliton solution
Burgers equation, 13

Casorati determinant, 144
chaotic behaviour, 193

characteristic polynomial, 120
cofactor
determinant, 77
pfaffian, 77
Cole—Hopf transformation, 14
commutation relation, 64, 164
compatibility condition, 163, 164
computer algebra, 22, 38, 54, 80, 83, 191
REDUCE, 30
conserved density, 158
coupled KdV equation, 138
coupled KP equation, /33, 137
solutions, 134, 139
creation—annihilation operators, 66

D-operator, 23

DI, 37
Dm,n.x» 35

properties, 27-37
dark soliton, see under soliton solution
Davey—Stewartson equation, 192
decoupling, 22, 35, 39, 40, 45
dependent variable transformation, 13, 15, 18,

24,3746, 164

bi-logarithmic, 43

logarithmic, 41

rational, 37
derivative formulae, see under pfaffian
determinant

bordered, 87-92, 104, 106

Jacobi identity, 77

Laplace expansion, 70

perfect square formulae, 84

198



Pliicker relation, 61, 73, 76,97, 110, 119,
172

wronskian, see wronskian
difference equation, 61, 193
differential-difference equation, 14, 15
direct method, 8, 12, 19-26
dispersion, 4
dispersion relation

linear, 3

nonlinear, 112, 113, 129
double wronskian, see under wronskian
dromion, 157, 192

envelope soliton, see under soliton solution
exchange formula, 31, 32, /61, 176, 180

fermion, 75, 116
fifth-order KdV equation, 127
Bicklund transformation, 167

Gel’fand—-Levitan integral equation, 128
Ginzburg-Landau equation, 35
grammian, /23

solution, 130, 142
Grassmanian manifold, 110
group velocity, 4

Hessian, 37

Hirota bilinear form, see bilinear form
Hirota condition, 55, 84

Hirota derivative, see D-operator
Hirota’s method, see direct method
hole solution, 35

hybrid mode solution, 142

inverse scattering method, 12, 20, 128, 160,
166

Jacobi identity, see under determinant

Kac-Moody algebra, 29, 138
Kadomtsev—Petviashvili equation, see KP
equation

Kaup—Kuperschmidt equation, 36

KdV equation, 12, 20, 111, 112, 164
Bicklund transformation, 162

KdV-type equation, 50, 55
Bicklund transformation, 161
extension, 52

Korteweg—de Vries, see KdV equation
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KP equation, 57, 111
Biicklund transformation, 168, 169
bilinear form, 57, 76, 111
first modified, 170
grammian solution, 122
N -soliton solution, 112
second modified, 137
kP = Thkp» 90, 130
wronskian solution, 115
KP hierarchy, 120, 138

Laplace expansion, see under determinant

Lax fifth-order KdV equation, see fifth-order
KdV equation

Lax pair, 164, 165, 180

Leibniz rule, 27

Lie algebra, 29, 32, 60, 138

Lie group, 32

linearization, 12—15

Liouville equation, /5, 18, 153, 159

Maya diagram, 73, 116
Miura transformation, xi, 158, 163, 166, 183
mKdV equation, 14, 166
dispersionless, 157
model equations for shallow water waves, 127
Biicklund transformation, 168
modified BKP equation, 177
modified Kaup—Kuperschmidt equation, 36
modified KdV equation, see mKdV equation
modified KP equation, see under KP equation
modified Toda equation, /81

nondispersive wave
linear, 2
nonlinear, 4
nonlinear Schrodinger equation, 41, 192
nonlinearity, 4-12
numerical simulation, 50, 193

one-form, 64

Padé approximation, 8, 21
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perturbation method, 7, 20, 21, 25, 38, 47,
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perturbed system, 193
Pfaff (J. F. Pfaff), 64
pfaffian, 6/-66
addition formula, 99, 174
cofactor, 77
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pfaffian (cont.)
derivative formulae, 101-109
entry, 63
expansion formulae, 62—-64
Gramm-type, 139
identities, 92-97
orthogonality relation, 77
Wronski-type, 133

phase constant, 114
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phase velocity, 3

Pliicker relation, see under

determinant

plane wave solution, 6

Poisson bracket, 37

predator—prey model, 17-18

quadratic form, 20
quasi-periodic solution, 51

recurrence relation, 85
Riccati equation, 12

Sato theory, 61
Sawada—Kotera equation
Bicklund transformation, 168
scaling transformation, 9
Schrodinger equation, 31
shock wave solution, 35
similarity transformation, 9
sine—-Gordon equation, 45, 159
Snake’s legs, 22
solitary wave, 1, 4,7
amplitude, 9, 11
exact solution, 11
velocity, 10, 11
solitary wave solution, 4, 8, 22, 35
soliton, 1, 3, 12
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dark soliton, 41
envelope soliton, 41
four-soliton, 56
head-on interaction, 110
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overtaking interaction, 60
three-soliton, 53, 56
two-soliton, 26, 47, 49, 52
special functions, 193
superposition principle, 12, 26

Taylor expansion, 59
Toda lattice equation, 57, 143
Bicklund transformation, 169
trilinear form, 53
triple wronskian, see under wronskian
truncation, 25, 26
two-dimensional KdV equation, 111
two-dimensional modified Toda equation, /84
two-dimensional Toda lattice equation, 74,
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two-dimensional Toda molecule equation,
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two-form, 65
two-wave interaction, 17
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